00p WHBapIaHTHEIXD MpPeodpa3oBaHiIXb
yABTPadNIUITAYECKUXD NHTEIPaJOBb.

J. Mopayxaii-BoaToBcKoro.

§ 1. Mu Gepemca oGoOmuTh HHTEPECHHE De3yIbTalrH, Kacalliecsd
TaKh HA3HBAEMHXB INCEBIO - BIIMITHIECKUXD UHTErPAJIOBD, I0AYIeHHEE
Pappu ') u coobumensie ump Ppanmysckomy Martemarudeckomy OGmecrBy
4 anpbra 1884 roja.

OpMuTE ?) yKa3HBAETD KJIACCH IICEBIO-DIIMITHIECKUX'D MHTErPaJoBb,
N0Xs KOTOPHI MOAXOXATH u3BBCrHNE WHTErpasn Oiirepa %)

S‘ 1+22 dx ( 1—2% dr
"""" IFo s

o/

¥ JIOKA3biBaeTh HPU NOMOIMY STIMNTAICCKUX'B PYHKLIH TeopeMy:

Hurerpaan
& f(2?) dz S f, (2% dx J 5 (2%) dx
Wi—a0—%d JVa—aa—ra JVa—da—is

BB KOTOPHXB [, f,, f, 03HAYAITH pAlioHaNLHHA QYHKIIK, NPUBOAATCA Kb
UHTErpaJaM’b OTh pAMiOHANGHHXD JApodefi, a LOTOMY C¢y1h HHTEIrpPaIH
NCEBIO-DIIUNTHYECKIe, ecau GYHELIN

f@, £, f,(«%)

1) Raffy. Sur les transformations invariantes des differentielles elliptiques. Bul-
letin de le Société Mathématique de France, t. XII, 1984, p. 51.

?) Hermite. Sur une formule d’Kuler. Journal de Liouville, 1880.

%) Euleri Inst. Calculi Integralis. 1776 r., r. IV, c1p. 86.
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YAOBJETBOPATE CIBIYOMHUMD YCAOBIAMB:
2 1
f@)=—f E2)
) . ( 1—7 x‘)
fi @) =—f Fa—a9)
fo(@®) =—f, 1—r2z2)"
Ipu >Tux® yeaoBi#X'h NpuUBejpeHie BHIIOJHACTCH IOJCTRBKAMU

o V(1 —22) (1 — k2z?)

x

zV 1 — k2
=
V1—a?

S xl/l — z?
! V1—#®

Kaaccs nceBro-saamnTudeckuxs uHTErpators Padgu o6nuMaers ux
Terpajh OpMuTa, IPUYEMD TOJBKO YTO YIOMAHYTHH pe3yapTaTh, TNOIY
YeHHHIH JOBOJIBHO CJAOKHBIME NyTeMb OPMUTOMD, BRIBOLUTCA, KAKD IPOCTO¢
cibuacersie uscaburosaniit Padpu. Kpomb roro, kaks # Hume nokamy, us
crbposanin Diizepa, Peaxnca '), Maiie?) u ByuskoBckaro 3) sBisioTCc:
roxe cabpcTBisaMu 1BX® #e uscabiposanii.

Padpu rokasniBaers, 9TO, ecad pamiomarbuas GYHKIiA f(x) Takosa,
YTO IpU Z U y, YEOBIETBODAOIIUX'H OfIEPOBCKOMY YDaBHEHilO

dx _ay

VR@) VR
R (x) = az* + az® 4 a,2® + a2 + «,,

rnib

f(x) ynosiaersopaers ycaosio
* f(x)dx

V R(x)

1) Nouvelles Annales de Mathématiques, p. 389, 1882,

%) Mallet. Two theorems in integration. Annali di matematica pura ed applicata,
t. V, p. 252,

%) Bynaroscki#r. O mbroropux’s YacTUHX® cAydYaaxs HATerpupyemoctd. Ipm-
Jtomenie kb III Tomy Banmcoxs Axasemiu Haykwn, 1863 r,

TO




e § =

€CTh UHTErpaJtb ICeBIO-dIIMNTUYECKIR, T. e. BHpamaercd depess aJrebpa-
UYEeCKid M JorapueMuyeckis (yHRILiM.
315cp ocobeHHO MHTEpeceHs TOTH (GakTh, YT0 NPM BHIIEYHOMAHY-
THX'B YCJIOBIAXD
f@dz _ fly)dy
— T . Y
VR VR
wiu, 110 Tepmunotoriu Papdu, smaunruveckiit puddepenniaas

f (@) dz
V R)

JIONYCKAETs WHBapiaHTHOE Ipeohpa3oBaHie, Takh uro reopeMa Paddu dop-
MyJaupyercd emie Takb: ecAd 3JIMITHYecKin xuddepeniars

flx)dx

V R(z)

JLolyckaeTh UHBapiaHTHOe IpeodpasoBaHie, TO

[

VR()

WHTErpaJs 1CeBLO-3JITUITUYECKIH.
W3 sroro obmupnaro kJacca NCEBLO-dAIUINTUYECKUX'D HHTEI'DAIOBD
Paddu Bugbasers rpyumy, koropoit coorsbrerByers npeoGpasosauie THIA

Ney=L@x+y)+ M

(rab L, M, N nocrodauHuis), KOTopoil 3anuMaics c¢b BBEKOTOpOH Ipyroi
rouku 3pbHia Tarke Iypsa 1).

Jas uHrerpadgopn droit rpynns Paddu raers o6myn ¢opMmyay: prd
a-+0b He paBHO ¢+ d

_Lz+M P 22+ M\ dx
=) (= v

Ra)=@x—a)(lz—b(x—c)(xz—4d),

rak
. ab — ed
~ (atb)—(c+d)’

(a4t ed—(c+d)adb
T (atb—(¢ct+d)

L

M

'] Goursat. Note sur quelques integrales pseudo-elliptiques. Bulletin de la Société
Mathématique, t. XV,
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a ¥ osHavaerd panionasnHyo ¢yarmio. Iig a + b= c -+ d Ha ocHOBaHiK
nscabropaniii Pappu norygaems dopmyay

S'x2 — M & (13 -+ ﬂ[) dx
& z V Rz’

b vy R(x) u ¥ rhike smauenis, a
M=a+b=c+d.

Mnu Gepems Goabe oburifi caygait, korga noxs paiUEAIOME CTOMTH
IOJMHOMDB KaKo# yroxmo crenenu (He nuxke 3-eft) u Bmbero puddepen-
uiaJpHAr0 ypaBHeHid Ofiaepa, caykamaro ocHoBoit wuscabmosamiit Paddu,
Oepemb cucreMy JuddepeHUialbHHXD ypasHeHill AroGu

dx, n dz, L n dz, 5
VX, vx, = vx,
xdr,  Zydx, | z,dc,
— T s e + — = . (1)
l/ Xl ‘/X2 ‘/Xn

—2 —2 —2
2 ~tde, | e, =%,

VE Tyx, Ty,

—— 2n 2n—1 A
X, =ay,2" tay, 27" - +az g,

i

:0,

rab

ROTOPYI0 MOMHO IIUCATH BB CJI’E}IY[OIIJ,SM'B Buh:

e, VX, dz, VX, i, VX, @
dat - Fw)® dt  Flz) Tdt T Fz,)

ecau
Flo)=(z—z)z—=z) .- . (z—=,)-

Honarie 065 uHBapiaHTHOM'H NMPeoOpasoBaHid 0GOOMIAETCH TAKD:
Yaprpassaunruyeckiit xuddepennians
f (x) dx
VX
JIONyCEAeTHs MHBADiaHTHOe NpeodpazoBanie, ecau JJad x U ¥y, YLOBJIETBO-
paomuxs ypaBHeHiaMb Aro6u, umbors mbero paBeHcTBa



1
Fla) T f(x) o ey =0
z, 4 T L 4 z, 0 .
fa) T Ty T Ty T K
x;l— x2 + + n—2 —o
f(z) . f(z,) flz,)
WIM, 9T0 TOHKeE,
) _ fa) G
F'z,) Fllz) )’ (4)
npuieMb, KOHEYHO, UCKIOYATCH phImeHid
x, = const., x, = const., . . . ,x, =const.,

a Buberd cp TEMB uckamwuaerca cayyair, rorna
< F, (x') = O ]
Takb KaKb TorJa

X, = x, = const., x, = const., . .. , 2z, = const.
O6o6mennasn reopeMa Paddu 6yrers cocToAThH BB TOMB, 9T0 IU(Peperiiars

f (z) dz
VX’

Ionmycraoniifi musapiapTHOe npeo6pasoBaHie BB TOJRKO UYTO YKa3aHHOMB

cMbea’, unTerpupyercs BH KoHedHOMB Buih.

Rpom’k roro, Mu BB whkoTopoM’® yacraoM® caydak, coorBBreTBYyI0-
IeMD BHIIEYHOMAHYTOMY HHBOJIOIIOHHOMY IPeo6pasoBaHil0 JAJdA 3IIMNTH-
9eCKUXD MHTErpPAJIOwh, IaeMb O6myo (opMyay MIJId INCEeBLO-YJIbTPA3.Jiull-
TUYECKUX's UHTErpPaloBb.

§ 2. Becoma Bamuo gas Hamed wbau 3marh obmia pbmemia jpud-
¢pepenniaabaRXD ypaBHeHiit Aro6u. Bp sToMB OrHOUEHiM 3ambyaTenenn
meMyaps fkobu '), BH KOTOPOMB OHB NaeTh obmia phimenia sToit cucreMu

1) Jacobi. Uber eine neue Methode zur Integration der hyperelliptischen Dif-
ferentialgleichungen. Journal de Crelle, Bd. 382, p. 200—226. Verke, Bd. 2, p. 135.



ypaBHeHi#l BB ocoGennofi w jui Hamell ubau pechyMa moxessoit gopyb. Mu
npuBoxumMb reopemy frobu, crbrapp Heodxoxumoe, MO HaueMmy MEBHID,
JIONOJHEHIe KB ero JoKazaTeJ LCTBy.

Teopema 1.

Pbwenist z,, #,,...,%, cUCreMh KOREYHHX’B ypapHenii

Y,
pl=7,
Y,
- 7’2=772" (5)
Yﬂ
-pnz_ify
rxb
Pi= 0 PRy e T E
Py = By T2y Wy = w5 B, s (6)
Py =0,%y -+ T,
i
Y =Tﬂ_’[j2+2$"y+t",
Yl = n—1y2+ 28n—ly + tn_] I (7)

Y, =y’ + 2s,y + ¢,

DOTUHOMH 2-0ff CTeNeHN OTHOCUTEJHHO y, CYTh o0miia phieHida cucreMH
xuddepeAniaTbHHXD ypaBHEHIH fAro0u:

dz
e + + =0,
vt
z, dz, z,dx, z,dx,
+..-+—F==0, o)

VX VX, VX,

n—2 n—2 n—2
a2t %dx, dz, " dx

g +.-.+’T=0,
VX, VX2 VX,
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ecau  KO3PPUIIEHTH 7, S,5 .1 ¥y_15 Sp_is tu—ys - +1%gs Sg» by yROBIE-

TBOPATE 21 + 1 ypaBHEHiAMD, IOJyJIaILUMCA OTH INpPUPABHUBAHIA KO-
3(pUIieETOBDs LPU CTENEHAX'P x BB upaBoii u JaBBOM dYacTaAXD TOMJecTBa:

[Sn.’l')” _sn—lxn—l_*—' .. +(_ 1)" 30]2_[7.1&1,7: — 7.n_1xn—1 + . +(_ 1)"7‘0]

[tnx” __tn_lxn—l + ... (__ g to] — agnx% SE azn_len-l +...+ alx'—i—ao-

Ecau nmpuasars o6osHagenia (6), To z,, 2,,- - -, %, KOX#HH OHTH KOp-
HAMU YDaBHEHIA

xn_plxn—l+p2x1»—2+ - (_ l)npn:_()_

Ecau z,, z,,.--,z, pbmenia cucremsl ypasuerifi (5), To ypasHemie
aT0 ofpamaerca BH crbryomee:

Yz — le"—l _+_ Y2xn——2 —_— .. (__, l)n Y"= 0 , (8)

ik Y, Y,, Y,... Y, uwbors snavenia (7).
Pacuo.omennoe 10 HUCXOIAUMMD CTENEHAM's y , 9TO YpaBHeHie upex-
craBigercs eme 85 cabpyomens Buirk:

Ry®+28y+ I'=0, 9)
B=ya*—r, _a" 1 ... (— 1) Tpyz 4={—1)"7,
B==g atv—g_ " o us (=1 g = (== 150 (10)

T—=ta"—t_ 2"+ o (— 1)z 4 (— 1),

Mu rokameMb, 9To BcE KOpHUM ypaBHeHis (8) NpPeACTABIAONE H3B
ce6a pbmenia: z,, «,,. . .,z, ypaBueHii (1), ec.iu MH UMBEMB TOXKIECIBEHHO

8 —RT=a,, 2™+ ... +az+a,=X

IPU BCAKOMB z, T. €. ecau umbors mbero 8 2p -+ 1 ypaBHeHid, KOTOPHA
HoIy9afoTcd OTH IpUpPaBHMBaHIA EKEO03(PUINieHTOBE IpPU CTeNeHAXs % BB
npaBoff u ABEO# vYacTAX'B.

Jas rokasarenscrBa tuddepeHuupyeMs ypasHerie (8).
Torxa Ha ocHOBaHIM TOMIecrBa

Ry’ 428y +T=Ya"—Y2" 14 ... (—1)"Y,



H0Jy4aeMb
Rydj— S+ nYa" 1 —(n—1) le(iczz + ... (—11Y, =0,
uiau, BBOJA 06o3naveHie
Fla)=(@—x)@—zx) ... (x—ux,),
Rg/d—T— st Yi(’]’y(x) =0 (12)
dambuad, 4To no ycaoBio
Ry +S8S==*+VS8*—RT,
Wi, YCAOBUBIIMCH HOApasymbparh o6a sHauenis paiukaia,
Ry+ 8=VS*—RT.
Torxa
;/—sdfm el
Ho 1o ycaosino
S*—RI=X (11)

OTKYIA
e, Y
VX YF'(2)

llogo6Hoe ypasuenie umbers mbero jas Bebx® KopHel ypaBHeHis
8) x==wm, 25, -, 2,

Mu MoikemB, 3HAUMTH, HAUHCATH
2dy

dz;
‘/Y—}_ T @) = (. (f=1,2,3...n) (12)

CyMmupys 5TM ypaBHeHid, YMHOKMBD, [PEJBADATENBH0, KAKI0E
HA z¥, moaydaems

g k=0,1,2,3,...,n —2, Takh Kak’b NJI4 ITUX's 3HAUEHIH %
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i=n 3
= ’Lf
——-’/ 1 0 >
1 (x,)
=1

TakuM® 00pa3oMb KOPHU Z,, Z,,- - - , &, YPaBHeRid (8) wuu, yro roxe,
pbmenia cucreMu (4) yAOBIETBOPHIOTT XU(PepeHIia ILHHMD YDPaBHEHIAMD
Arodu (1).

Tenepr Hoka#eMb, UYT0 HOJUHOMK R, S, T MOTYTD CYIHIeCTBOBATI
upu Bebxs X um wro ypasuemie (8) maers ofugis pburenis cucrems (1),
r. . pbuienia, Bb KOTOPWA BXOAMTEH POBHO % — 1 NPOU3BOJLHHXB MO-
CTOAHHHX'D.

Tarkb raks R, S, 7' 1OAMHOMBI 1-0f cTeleHu, TO TUCI0 KO3PPULIeHTOB,
Bb HUXD BXOXAIUXB 3 (1 + 1). Cb xvaddunienramu: a,,, a;, ;.- - -, a0, a,
OHU CBA3AHL 9UCIOMB YyDaBHEWill, PABHHMB YHUCIYy B5THXD HoCABIAUXE;
3(m+1)—(2n 4+ 1) = (» + 2) kospdunienTa ocrapores HeonpeBICHHKMA.
AKo6U 10Ea3LIBAETD, YTO XOTA NMPOUSBOJBHBIX'P BEJAUYUHD BXOXUTEH 1 + 2,
Ho oub cBogATCA KB m— 1, TAK’h 910 YUCAO TWPOUBBOJBHHXB 1OCTOSH-
HHXB Oyxers He Goabe »— 1, Kakp cabrosato omugats. OLHAKO OTCIOIA
eme ne cabuyers, 4ro RafjeHHbd pburenis cyrs o6mig, MoikHO BOOGpa-
#aTh, 9T0 M BTU % — | TPOUBBOJLHMIH IOCTOAHHKA CBOJATCH enie Kb
MeHpIIeMY uucay. Mo jokamems, uro pburenia ybiicrsurenpno o6miis,
ecad Oylers HAMU JOKA3AHO, YTO JLId KOB(DPULIEHTOBDL #, s, ¢ MOKHO
Beerjga HaiTH 3HAYEHIdA, COMMACHBIA ¢b yeaopieMms (11) u Tagis, Tro AIs
Z,=a, BEAUIUAN L, Ly, -, &, IPUHUMAIOTH HAlEDe)L's HasHAUCHHHA 3HA-
ueHia. Haupumbps, a,, a,, --,a,- '

[Tpunumaems 3a @, 3nayeuie z, Aud y=20.

Ho jxra

y=0 s5=VX,
uau
gaf—5 o 14 (—1P so=1/)7i, (=2.. %

u3b ITUXDB % -— 1 ypaBHeHilt onpexbinsems s, s
MOAKEM'h HOJOKUTH JNAA HPOCTOTH

w1+ * +» Sp» IIPUUEM'D T2iKe

Sn=0’ S'lt—l:()'
IIpyu BCeBO3MOKHHX'D BHAYCHINX'D @y, @y, - -, &, , UPH KOTOPHIXD ONpE-

JIbanrean

a1
ar-las? .. 1
d==| "5 "% =(uy—ay)(a,—ay) - (a,_;—a,)

n—1_n—2
L |
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He paBeH’d HYJI, CUCTeMa ypaBHEHi#l IaeTh onpejbienHbsl 3HAYEHIA JaA
Sp_g> Sp_gs+ - 18y, Upn A=0 mhckoapko ypapHemifi Gyayrs TOZ LECTBeR-
HBl, CTOJBKO e BEIUYMHD s MOIYI'H NOAYIUTH NPOU3BOJBHLII 3HAYEHLH.
OcraJpHEH BeAUYMHL onpexbisTes u3b NOJYYeHHOH CUCTeMBl YPaBHEHIi.

o s,, 8,_15---»8, omnpexbusires woapdumienTsr 7 , v, _;,- - 17gs
by ty_1s- o5, €CIM DABIOKAMB S2— X wua JBa MHOKUTeJS CTEIHEHU x
kamIpil. CKOJBKO TAKUX'B DA3JOMKEHIifl, CTOJILKO NOJY4MMD CUCTEMDb 3HA-
yeHilt, upuueMs oJMHOMY koapduiienry, HanpuMbBpe »r , MOEHO UDPULATD
1IPOU3BOJBHOE 3HAYEHie.

n?

Teopema II-a.

O6uia pbuenisn cucreMn gudpepeHniaTbunix’s ypasueHii frobu
YIOBJIETBODAKTS CUcTeMB KOHEYHHX'H VPABHEHIH 2-# cTeneHM OTHOCHTEND-
HO Pyy Pay- - vr Py

«b 260 b2 p +20P oy A pE S 2t =0,

@ 260 g2 o+ 200 pp, +e 224 5P} =0,

a}"‘l] + 26}217’)&_: 27&217’)&-—1 . stfkllpkpk—l +8§c"—) IPI? + gk—l”%—l =0,

“}!3.1 + 255!3.1 ot 275:’11171:4-1'*— 2 05311’1:7’1:—;—1 + 65;13—1 P+ §k+.p"i+1 =0

«) +280 p+2) p, +200 pp, P p+HED pY =0
Taks kaks Y, Y, ... Y, M0auuoMs 2-it creneHd OTHOCUTENLHO ¢, TO

Y3, pY:=YY, »Y'=YY, ppY:=YY,
pEYi=Y} u piY2=Y?

Oyxyrs 4-0f cTeneHd OTHOCUTEILHO .

Mu Bcerza MomeMb onpeXbauTh BB 3aBACHUMOCTH OTDH Koadduiies-
TORD 3TUXD NOJUHOMOBD IOCTOSHHH A

a(lk) , Qﬂgk) , 27({:) , 2 d(l/c) , 8(11:) , ggk)
Takb, 4YTO
a(lk) YZ _|_ zﬂgk)pk Y2 + 2 7£k)p; 172 + 92 d‘gk)p] pk Y2 __I_
+eBp2y? L ghp2y2—0. (a)
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JbiicTBUTeIFHO, HpUPaBHABE KodpdumienTar npu y*, o3, y2, v, y* Hy-
J0, NOJXYYUMB 5 YPaBHEHIH JUHEAHHX'P M ONHOPOXHBIX'H OTHOCHTEIBHO
a®, 28®, u v x. Cokpamas me Ha Y? ypanmeHie (a) umbens:

)+ 260p, + 270p, -+ 200 p,p, + P} 4 5PpE =0

Takum®d #e 06pa3oMB 10.yJaeMb M OCTATLHHH ypaBHeHid (13). Oru
ypaBHeRis, ouperbisomia p,, p,,---,p,. Bb GYHELIM 015 p,, & IO HUMB
Xyy Lyy- - - 4 &,, HESABUCUMEl IPYI"b OTH JIPYTa, €CIM TOIBKO 3apash HE PABHH
nymo: y®, d®, L0 HE gk Ch) g e, korga p, He pABHO HOCTOAHHOMY, 60
TOIJA BB Kamjoe ypaBHeHie OyIerTh BXOLUTH 0 HOBOH O6ykBE.

Ilpz vBrOTOPHIX's BHAYEHINIXD LIPOM3BOJHHHXH [OCTOAHHHXT MOEKETDH

CﬂyqﬂTLCﬂ, 1T0
k) — k) — (k) —
d{)_e(l)_él)_o’

IP =P =B =0,

g =ed =50 =0
u ypasueHia (13) o6paimanTes TOrga BH CIBIYOULig:
o) 280 p +2¢0 p =0,
ap 4280 p,+2A0 p, =0,
(14)
@ T 282 0+ 27 9 =0,
o, 4288, p, 4+ 218, 9, =0,

ald 4280 p 427® 5 =0.

PBmumM® Bompoch, HpM BeAKUX'B JAM 3HAYEHIAXD KOIPYUIiIeHTOBH
nmoauHOMa X 5TO BOBMOXHO, M HafiieMB BB cayiab BO3MOKHOCTH 3HAYEHIA
k03 puLieHTORD &, 3, 7 Bb ypaBHeHiAXxb (14).

Ecim
Y,
b= 1}‘ ,
Y,
Py = _:Y_'Z ’ (5)
Y,

=
I
|~<



T0 ypaBHeHis (14) MOKHO HAIMCATH TAKMUMB 0OPABOME:
oy 4 280Y, 4 2/0Y,=0. (i=1,2,3,.. k1,01, 1)

3mavenis al, 28W | 2y® yoxyyaems, npupaBHEBAA HYIO E03gu-
uieHTH npu y*, ¥, y° BB xbBoit wacru, T. e. UsbL ypaBHeHiH

ag'k)'rn + 2“%‘ki?ﬁnak + 275"‘)/"71,—1' w={ ’
s, +280s, , +2rPs, =0, (15)
agk)tn + 2191'k)tn——k + 27$‘k)tn—i =0.

He uapymas o6muocts pbmienia, Momems, Kakbs BHure 3ambrunu,
NOJO&KUTE

Ho worga rakxke u s, , =0, a noromy u

S”_2=O, 3,,-3::0""=31=0’ .5‘0:-0- (16)
. __r;n_—ly2+tn-l
}] rnyg_l_t” I
V- 2?/2 + fn—?

BT

o« o o

_
B T,

Jaa Toro, 4TOGH 3T 3HAUEHiA yxosierBopsau cucremd muddepen-
IiaJbHHXD ypaBHeHIH Ako6u, HE0GXOAMMO U IOCTATOYHO, YTOOH

S?*—RT=X,
a Takb kakb S=0, TO
RT=—X,
unu
RT=—aq,,(x—a)(z—a)...(z—a,,),
OTEYIa
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_l_szn B e +"_“2xn—2 L=
n n n Tu
= (x-—al)(x—az) o lp—),
—LR=x"—— Exn—l L f’i—lxnd . tﬁ’—-:
tn n tn tn
= (.’E — an+l) (.7) - an—}—‘l) e (‘1’ — a2n)'
[Ipunumasn oGo3HAYEH s
!’
ﬂ1=a1+ai+a3+ i an’
’
wy=a ¢, + e+ a0+ ...a @,
ﬂnzalaQ"'an; (17)
n
.7!1 = an+1 + an+2 + (l“+3 + v aZn ’
”
Jl2 e an-l»l an-}-? + an—{—l an+3 + e aZn—l a2n ’
"
Jtn = an—l—l 6ln-l—‘Z azn )
noayvaeMs
Tpo1 e n--2 ’ Vo ’ % L
—ﬂl, = =.7t2,. 5 ='7tk’ . ,———Jt”,
Vu " T Ta
(18)
¢ ¢ ¢ 17
n—1 " n—2 " n—k " 0 "
=T =Ty, =, ey =T .
1°? 29 b k" S n
tn tn tn ty

OueBuZHO, XA KaKIOH U3D ITUX'D BeIUIMHB OylLeTH CTOIBKO 3Ha-
4eHilf, CKOJILKO CYNECTBYerT coderaHifi usb 2n KopHefi X 1o % 3JeMed-
TOBH T. €.

2n(2n—1) ... (n+ 1)
1.2.3...n )

Takp uro, ecau ypapmenis (14) umbiore mbero, ro s umbors 3Ha-
venia (16), a », ¢ sHauenia (18).

Haiizems Teunepn coorsbrerByomis  3HayeBis  KO3(@uIlieHTOB®
k k) (K
ag-)a (9,( )s /,(‘)'



e | =
Wss ypasmeniit (15) moaydaems
a® 288 2y®

n—k tn—i - tn—k 7

- _(rnt ;™ Tait ) o (7n n—k tnrn—) .

n—i n—i N

Ly n—t

Jrv ypasHeHid, Mo pasibieHiu snamenarens KaskIaro 4IeHa Ha r,
u ¢, , Ha OCHOBaHiM ypasHemid (18) mepeoGpa3oBhiBalorcd TaK®b

(k) (k) (%)
al - 28 _ 27}
’ " n_tr " " - " ’ *
T T, — T T, — (i — ) (g — )
Orryra
’ ” . ” ’
n,— 7 R T T
= R
oty - ’ l/ k ’ _ " b
T T T T

niau, KakK'b MBI YCJIOBUMCiH BIpelb 0003Ha9aTH

p;=L®Pp + M®, (19)
rnb

x—ax
W=a= (20)

2 k

r A — R,
MP =, (21)
7T, —‘ﬂk

Taxums o6pasoms umbern mbero

Teopema I111-1.

Ecau pbmenis cucremn judeperniaipHbxb ypasrenift drobu yuo-
BAETBOPAKNTS YPABHEHIAMD BHIA

p=aPp,+b,,

TO
a— 7
W T
a;”" = 7 " _Li )
T Ty
’
i th.n .7t .7t k)
i ——
.‘/Tk th

rab n, &, 7, o, umbors svavenia (17).
HocMorpums, KakoBO JOJEHO OHTL yCaoBie, 4TOOH YpaBHEHie

p,=LPp, 4+ M®



00pama.aoch Bb
p,= M® = const. (22)

Jas sroro, Kaks 5TO BUIHO H3B ypapHeHid (19), HeoOXoxuMo M X0-
¢TATO410, YTOOH

LM =o0,
unu no (20)
n,=x;. (23)
Ecin mua umbems
=, LI 1=1,2,8,...,k—1,k+1,...,n,

ro ypasHenis (19) oOpamaiores BB cabjpyouria
p,=M® T i=1,2,8...,k—1,k+1,...,n;
OTCIOJIa TIONYYAEMT TEOpeMy:
Teopema 1V-a.

Ecau phuwrenia cucremn jpupdepenuiasbiuxb ypasHeHi fko6u Ta-
KOBHI, 4TO

p, = const. JJIS =1,2,3,...,k—1, k+1,...,n,

- 70, BO MEPBHX'b, KOpHU MoauHOMA X TAKOBH, 410 uUMBOTH MBeTo Memuyy
HUMH COOTHOIIECHIS

x == LIS 1=1,2,8,....k—1,k+1,-..,m;
BO BTOPHXD
pizMi(k)’
rub

M® =z, —ax.

H

OrybTuMb BB 3aKI09€Hie 0XHO uurepecuoe cvoitcrso pbmeniit fMxo-
GieBCKUX'> YpaBHEHiH, BHTEKalIllee U3D IpPeJLAYIell Teopiu.

Teopema V-a.

Beakas cummerpudeckas pynkuis phmeuiit z,, 2,,...,x, dAxobieBckuxs
yPaBHEHil BHpamaeTca palioHaILHO 4Yepesh I/X,. oz,



— 16 —

JbfcTBuTensro, M umbems uo reopemt I

rn—kyQ + 237»—1:?/ + tn—k
b oyt 25,44,

]

HO H3B ypaBneHid
Ry*+28y+T,=0,

BB Koropoms R, S;, T, snavenis R, S, T npu z=uz,,

— 8,4+ VS?—R,T,
y= R )

1

o S?— R, T = X,, cxbrosare.nno

[logcraBiaa aro 3Hadenie BB BHpameHie p,, I0ayyaeMb

M, + N,V X,
M, +N,VX,

Pr (k=1,2,3...n)

BB BUIb panionaspwoit QyHENin oTB x, U VX;--

Tawp kars Beakad cuMmerpuieckas GYHRLIA OTH Z,, Xy, --,&, BH-
paiaercs palioHAJIEHO 4ePe3s Py, Py,---,p,, TO TeopeMa TakuMb o6pa-
30M5 JOKA3aHA.

§ 3. CymecrsennuMs nmoGasieHiems kb uzcabposaniams Arobu sp-
JHIOTCH TpekpacHnd uscabroanis Pumuao !), gapmaro xBa UHTerpata
AxrobieBckuxs ypaBHEHil, NOT0OHHXD HHTErPady DHJIepoBCKaro ypaBHeHid %)

d.‘I:I _'_ dx2 0
VX, VX,

1) Richelot. Ueber die Integration eines merkwiirdigen Systems Differentialg.
leichungen. Journal de Crelle, Bd. 28, crp. 361. Richelot. Einige neue Integralglei-
chungen des Jacobischen Systems Differentialgleichungen. Journal de Crelle, Bd. 25.

2) Lagrange. Oeuvres Complétes, t. 1I, p. 18.



S| e

BH (popub

VX, +VX,=(@,—=2)Vapl+ amp, + C,

rab p, =z, +x,, umbomeny samaoe sHavenie B5 uscrbrosaniaxs Paddu.
Teopema Pumio cocrours BB cabryomems:

Teopema VI-a.

Phmenia fAxo6GieBckux® ypaBHeHii

dz, I dz, n n dz,, 5
VY, VX, VX,
z,dzx, z,dxz, z,dxz,
e + S —i—...—l—~~'~‘f:=0,
VXI l/X.Z ‘/Xn
I P N N (1)
o, z;'“”dx2+ n x4z, "
VX, VX, VX,
YALOBIETBOPHKOTE ypaBHeHiio
V%V VE,
; ce —— =K, 25
Fay T ey v T Fay Y a5
rab
K=a2np12+a2n—1pl+ C’ (26)

C TpoU3BOJIBHASA MOCTONHHAM,

=2t t 2,

Fa)=(@—a)(z—z,)...(—z,).

Jna xorasaresncrsa cucremy fkoGieBckux® ypasHeniit (1) sambrsens
crbryoueit, eif paBHOCHILHOM

dz, VX, dz, VX, dz, VX,

= F,(:L’,J ’ (Q)

it Flz) ' dat Fla '~ at

rab
Flz)=(@—z)(x—2;) .« - (&—x,)-



N |- R—

dz, dx, dz,
,Kud)(bepemmpyg o ¢ u sambnas VTR T T UXB BHpa-
HWeHlAMA (2), NOIyYaeMb
Xl
&2z, 1 0(1’"(:01)2) . I/\—k 1
a2 oz, - Fu) Z F'(z) ,—u,

u T I
CrJaZhBas 9TH YpaBHeHid, MOJVIAEMB M0 COKpaN[eHiu

k=n ¢ e
5 azp, 2 B,

—m = (27)
dt? ~ 0x,
Yepess cromenie ke ypapueniit (2)
d])l k=n ‘/X,]; (28)
dat Z F'(z,)
k=1
Pagaaras 005 - Ha npocrbimisg, moJyyaeMs
Ip F(.Z‘)2 £ I ) A 2
k=n , -
X . % X 1
TN Gen = p 2 + ( v 8 | e
F(x) A i I (a2, ) (x—xk) I (x) z— 2%

oz,

Pasaaras o6b. wacru sToro TO&EJeCTBa 110 HUCXOUAIUIUMD CTENEeHAME

. 1
x U UPUPABHUBAH EKO3QPUIIEeATH upu -

, Loaydyaems
[ X,

k=n 0 =G

% F(xk)
a’Zn—l + 2a’2npl Z ()’L' )
=) “k
WM, Ha OCHOBaHim (27),
) d2p

Oy g T 20, = 2 ae

dp
1
Yuuoxad Ha @ U HHTErpupys, NoJyJaeMsb

dp,\?
(_dzl) =a2np12+a2n—1pl + 0’



uaiu
dp _
% ~VE. (29)

dt
—— ero BopamkeHieMB (28), mnoaydaems ¢op-

Orcwxa, mo sambub 7
myay (25). '

llepeitnems reneps Kb HBKOTOPHMB XapaKTepHHMB CBOACTBAME SKo-

0ieBCKUXD YpaBHeHiH, MO3BOJAOINMME BHBECTM M3B TOJIBKO 4YTO Hajifen-
Haro MHTerpa.Ja ocTajgbHbHe x— 2 MATerpaja, a Bb TOMB guciab u Bropoi

uHETErpats Pumrio.

Jdemma.
Ecan z,, z,, - - -, z, ylrosiersopsoTh cucremb xuddepenniaspauxs
ypaBHeHiit fxodu
t=n
o ridx; \
= == 0 ¥ (k=0,1,2,...,n=2) (1/
VX,
=1 1
TO Y1+ Ygs - - » Y, CBHSAHHMIA Cb Z,, Zy, -+ - , &, COOTHOMEHIAMU
ar,+ b (30)
yi e (t=1,2,3,..,n)
ez, + d

YAOBASTBOPHIOTD cucTeMb aHAJOrMYHNWXD XUddepeHLia bHEXD ypaBHeHii

i=n k
yidy.
Yi _?/, =0 (k=0,1,2,...,n—2) (31)

rah
Y1 = b2ny2n + b2n —lyml_l + tot bly + bO == a’2n (dy - b)‘l’n +
+ (@Y —0)""" (-—cy + a) + - - -,y (—cy + a)™. (32)
Br camoms jbiab, va ocHosamiu (30),
ykdy,  (be—ad) (cx,~+ d)" "2 (ax,~+ b)* dz,
VY, VX, ’
OTKY 12

i=n k=n el

D) WAL el g,
I/If' i=L ‘/ X"

=1



uau, Ha OCHOBaHiu ypaBHeHia (1),

i=n kd
Z y, =0. (upu k=0,1,2,...,2—2) (31)

=1

Teopema VII-a.

Pbmenis cucremn gudpdepenmialpHHXD ypaBEeHin [Aro6u ygposie-
TBOPAITE YpaBHEHiO

d
_& —VI, (32)
rxb ‘
i=n aa:,- + b
n=), =l (33)
=1
L= b2nQ12 +basn @+ I (34)

I' npousBodbHAA NOCTOAHHAA, & b,,, by, ;,-.-,0, @ EMBOTE ToHe 3uaYeHie,
YTO BB JeMMb; { CBA3AHO ¢b ¢ COOTHONIEHIEMB

(be — ad)"
dt, = ——7——, 35
. II(x) (89)
I (z) = (ex, +d) (czy +4d) - - - (cz, + d)- (36)
Ilo nemmb, y,, ¥y, - -« ,y,, CBABAHHLA CB Z,, Xy, - -+ , %, COOTHOIIE-
Hiamu (30), Korga z,, Z,, - - - ,2, pbuenia jxoGiesckux’® ypaBmeHii, yzo-
BJIETBOPAKTH ypasHeHlaMs (31), noaywapmumea sambuodr z,, z,,-..,%,.
X[’ Xz’ LI 1Xn Ha ?/1, .1/21 LR ,?/,,, Y]y Y21 & 3 3 . Yn' HO x]a xz; sl

yIoniaeTBopAad ypaBHeHiaAMDB flko6u (1), yroBiaeTBOpANTSH, no rTeopemt VI,
smberd ¢v 1EMB ypaBHeHi

dp
= ‘/“27.191 + ay,_p, +C. (29)

SHAUUTD, Y;, Yy, - « - 1Y, YAOBIETBOPAWLINIie Toke ypaBAeHiAMB HKoOu
(31), yZLOBIETBOPAIOTE YpaBHEHiIO

dql
dt

l/banl +by1q, + 1, (32)

OJXYy9IaeMOMY 3aMBHOR ), Zy, - - -, Z, HA Y1y Yar oo » Yy



Jbiicrsureasno, mpu Takoii sambul p, XolmkHa mepediTH BB g, » onpe-
rbagemoit dopmyaoit (33).

Juag Toro e, 4TOOW y3HATH, BO UTO NMEPEXOXUTDH ¢, MpeoOGpasyeMs
ypaBHeHidA

Oydy, _ Plydy, Py dy,
VY, VY, VY

D)=WH—y)Yy—y)---y—y,),

=dt,, 87

PaBHOCHILHHSA YpPaBHEHIAME (31), NojcTaBUBE BDL HUXB BMEBCTO y MXD BhH-
paxenisa (30) Bb z.
Torga moayTums

" (be—ad)* ' F' (x!)
@)= (cz, + @)~ (cz, + d) (cxy+d). « (cx;_,+d) (cxyy,+d). - (cz,+d)’

u
(be — ad)
dy, = (o, F d)3 dz, ,
D)y, (be—ad)
dt, = VA at, (35)
ik

I (z) = (cx, + d) (cz, + d) - . . (cx,+ d). (36)

Ypapuenie (32), Ha OoCHOBaHiM coorTHOmeEHid (35), MOMHO eme HAluU-
caTh TAKUMB 00Pa30MB

dg;  (be — ad)* '

P T VL, (38)
WM, TaEb Kaks 10 (33),

dq, _ (bt —ad) 4x; dz,

dt (cx +d? dt’

Wiy, 10 ypaHeHiAMD (2),

dg, ii' ‘/Y-

dt Ly (ea,+ AP F(z)

=1



TO

1=n I/X' (bc-—ad)"—l .
T FGy T e VT (39)

=

F . B
noJaras L=m, raik F Oynerp oueBugHO 1hiaofi cuMMeTpUUecKOi
‘ z

dyuxnieit orb z,, Ly, - -, L,
Iloxaras
a=1, b=0, ¢=0, d=1,

oJAy9aeMdp MepBHi uHTerpaJs Pumiio (25).
Iloxaras

a=0, b=1, ¢=1, d=0,

noJyyaeM’s BTOpoil uHTEerpass Pumrio

i=n

I/Yz . Vagp:_,+a,p,p,_, + Bp?
)G 2

b
=1
¢
rxk B upousBOJbHAA NOCTOSHHAA.
3ambrums 3xrben, MUMOXOJNOM'B, 4YTO, €CIM MH BO3LMEMT »— 1 cu-
cTeMt 3HAYEHI#A a, d, ¢, d TAKUXB, 4r0 He UMBIOTH MBCTO paBeHCTBA

a,d;,—b,c,= 0,
u -
d, d;
¢ I L

T0 n— 1 ypaBHeHift (39), coOTBBTCTBYOMMXB HMMB, UDEJICTABATL # — I
HE3aBUCUMKX's WHTErpaJoss ypaBHeHiit fko6u. Bupouems 510 3ambuanie
Bb JAILHBANIMXE pascymAEHIAXL HAMB He [OHAJOOUTCH.

§ 4. Ha ocroBanin reopeMH PuIIIO MOMKHO BHBECTH BAKHHN pe-
3yJBTaTDH, CAYKANIHR pasBuriems §* 2-°r°.

Teopema VIII-x.

Bearast pauionaipHad cuMMmerpuueckas (YBEHIA OTB &), &y, - - -, &
BHpAXKaeTcsd palnioHaJIbHO Yepe3h

p=a+z+. ..z,

u ]/7{, rrk
K= ay,p{ + @y, 9, + C. '



Jlia IOKa3aTeancTBA BO3KMEeM'h ypaBHemie §# 2

dx, .
s ey s
VX, YF(z)
HIs
2 2;/:\7L.dy
— e =12 oyt
&= @) ( )
CraaxpiBag 3TU YpasHeHid, HOJIyYaeMb
ap —2< VE L VX Ly VA )—"-l
4 F'(x) F'(x,) Fx,)) Y’
uIM, TaKb Kakbs mo Teopemt Pymao (25)
I/Y ]/FX— ]/Xn e
e e b e =VE,
F'(z,) F'(z,) F'(z,)
rrb .
’ K= a,,p} + t,_,9, + C,
TO I0JY9aeM'B
I 2dy
VK, Y
" Orcona
( dp, S dy '
JVK Y
Eciu a,, He pasno my.xo, 10
“d 20,,p, T @y, s
[ O L (Pt B ). (1)
VK 1/“2,. 2]/a2n
Ecan a,,=0 u a,, , ve passo myso, T0
dp, 2 =
= =—- VK, (42)
‘/K Uyp—1
¥, HAKOHEI', eCIU a,, =0 U a,, , =0, T0
T dp
g 1 1 pl (43)

. V’I_{= VK



Ecau MH 10J0EMMB, KaKB BB §'* Qrons,
R=ra"—r, 2" 14 ... (— 1)r,,
S=s,2"—s, 2" 14+ ... (—1)s,,
Fe=to%— i, 2"V cw (— 106,

TO, MOICTABJIAA 3TH Bblpamel]i.ﬂ BT TOHIECTBO

82— RT=X=ga,, 2"+ a, ;2™ '+ ... +a,24+ a,,
moJNy9uMb BBb JTBBOf wacTH
2 — 2 2 " 2n—1 .
82— RT=(s2—r,t)a® 4+ (—2s,5, +7.tp 1+ 7it)e®™ 4+ ...,
a BB IPaBOfl dvacTu

X = gy 8™ 4 Gy #®™ . i -0 4,
NOIyIUMB
g, = SZ—1r,t,: (44)
kEpoMb Toro

By +28 4+ I'=Yxr— Y 2" ' ...(—1) Y,

OTEY 4 ‘
Y=r,y*+2s,y+1¢,,
uau .
Yzlrn(?/_g)(y_ﬂ)’
rab
3 — Sy + ‘/‘S: _ Tth
s = ¥ )
Vi
— g — Vi —r
n= :

rn

[Ipurumaa Bo BHuManie paseucrBo (44), umbeMs

§=

3

—s,+ Va,,

’n

_ (45)
_ Sn - Va2n

Tn



— 25 —
S |
Rorza a,, = s2—r,¢, He Hy s, TO § He paBHO 7],

1 1 1 1 1

T nE—Ny—E n—By—1

(46)

Ho mo yparmemiam® (45)

r”(§—7]) = 2l/gn ‘

[loaromy ypaBHeHie (46) mamuimeTcs TaK®

11 ( 1 1 )
Y oya, \y—$§ y—n)
YuHomad Ha dy v MHTErpUpyH, HOIYIAEMb

Ay 1 L y—§
¥ 2]/a1n y—1

(47
IloxzcraBraa BB ypasHeHie (40) 3HaueHiA 006OMX® MHTEIDAIOBB, BD
Aero BXOIAMMUXD, U3H ypasHeHift (41) u (47) u noaarad

1

 Va,

ruk A HOBAA IIPOU3BOJIBHAA IOCTOAHHAH, HOJNYIUMD NJA CAYydad, KOTXA a,,
He pPAaBHO HYJIO,

r Ig 4,

y—§ _ 2a,,p, 1+ ay,_,
" aa,

+ VK. (48)

H3® sToro ypasHeHis scHO, UT0 y ecTh panioHAJbHAA (QYHENIA p,
Eciu a,, =0, HO a,, , He HYJb, TO 0 ypaBHeHiD (45) & =7.
Ypasuenie (46) sambBuurca caburyomums

1 1
S S 49
Y r(y—8)? e
a ypasuemie (47) cabryomumsb
dy 1
L AP S 50
S Y 7, (y —§) =

HA OCHOBAHIM KOTOparo, a pasBHo u (42), BHBOJUMD H3H (40)



2 — 2
e Y K== T, (51)
a2n—l l/ 7n(y_ §)
Jro ypaBHeHie TO¥e IaeTh y BB PALioHAIBHOH (YHENiM OTH p, u I/-IE
Jaa caygas e, KOTAa M a,,_, =0, nocabanee ypasmemie (51) sa-

MBHUTCH CABIYOIUMB

Bl o o s (52)
VE  r.y—39 '

TO¥E HAOIUMD, KAKD M BB UPEIHIYIIMXD JABYXD CJIy9adXb, y BB palio-
HaJIbHOK (YHENIM OTH p, u 1/K

Ho ma ocmoBamim §2 2°7 mMu umbemn

Y, Y, Y,
p|=_f:7 p2=7 "')p”=71 (7)
it Y, Y, Y,,..., Y, nbima ynknmin 2-0ff CTeNeHH OTHOCHTEABHO .

CabroBaTeavHO p,, Py, « -+ , P, BHPAKAIOTCA PANiOHATBHO Y€PE3H g, & TaKD
Kakb, ME TOJBKO YTO JOKa3ald, y BHpa#kaercs pPanioHaJbHO 4Yepess p,
u V'K, 10 raEuMb e 06pa30Ms BHPAKAIOTCH P, Py - - - , P, U BCAKA paxio-

HAJBbHAI CUMMETPUICCKAH (i)YHEI[iH OTh Iy, Xy, - - - TaKDb KaK'b IIOCJI'}SJL'

LR TR

HAA MOMKETD OLTh BCerma pa.lli()H&JIBHO BhIpameHa Yepesd p,, Py, - - -, P, -

HocakaHaa reopeMa JaeTh BO3MOMKIOCTH TOKAa3aTh HHTEPECHOE CBOM-
. f(z) .
cTBO jpu(depeHIiaIa i/—: dx, XOIyCKAIOWArG UWHBapiauTHOe Ipeobpaso-
: X

Bamie.

Teopema 1X-a.

Jnpdpepenniars _l/_’ JIONyCKAON[IA WHBapiaHTHOE MpeoGpasoBa-

Hie, HHTErpupyercs BH KOHeYnoMb bBuib.

flx)dx
X

He BBOjs# TepMuHA: ,MHBApiaHTHOEe IpeoGpazoBadie”, TEOPEMY MOKHO
$hOpPMyIUPOBATH TAK:

Ecuau paunionaipnas dyurnis f(z) takosa, 4To z,, Zy, - - - ,,, YIO-
BreTBopada cucreMb npuddepenniaaHNx® ypasHeniit fAxoGu



dz, . dx, n n o dx,
VX, VX, VX, ’
x,dx, + 2,dx, n L x,dz, il M
VX, VX, VX, ’
o ide, 28w, " : ¢ 2Ry, o
VX, vx, VX, ’
YIAOBJIETBODAKTE TaKHKe ele CJI'IS,Z],Y[OHH/IM'L ypﬂ.BHeHiﬁM’B
1 1 1
S, SN S S WP SV N,
fo) TG T T G
i o =0 3)
f(x,) f(x2 (xn) '
. BT, S
flz) " flay T flz)
TO
5’ [(@)dx
VX

€CTh MHTEI'PAID NCEeBIOYJIHTPADLIMNTHYECKIH, BHpPaKaloLifics Tepes3d aJre-
Opamueckid M JorapueMmuueckia QyHRUiN.

lUpu rxokasareapcrsb OyileMs pasiuyaTh JBa caydad:
1) p, He PaBHO MOCTOAHHOMY,

2) p, = const.
YpagHeHis (3) nepenumems Takb

f(’vl) _ f(xz) . . f(xn) @)
F(z) Flz,) =~ Fiz,)’
rib
Flol=(z—a )@ —n) . . [#—a,)-
Torga

) Q@)
" F'(z) F'ri(ix)



1
Yuuomasa o6k wacTu Ha Vf’ umbeMs
3

flz,) de, (‘:" f(z) \ dz, )
1 I/Xl \ ol Z; ]/X1
Ho no reopemt VI (Pumio)
dp, —
= 9
— =VE, (29)
rib
K= a2np12 + a2n—1pl + 0 ’ (26)
dz, ]/Y1 $eni .
WJId, TAKB Kakb ;Zt——F~(;5 , To, mo pasybiemim ma »TO mocrbaHee
VpaBHEHie,
dp , K
L = ) ‘/__
dz, vV X,
/07 S (54)
dp, dz,
F@)VE VX
[Io nmoxcranoBkB aroro BHpameHiA BH ypaBHeHie (53) moIyyaeMb
nf (z,)da, _-("=” f(z,) ) dp,
Fa)VX, \&F@)Fe)VE
UJIU
: z,)d d,
f)dz _ 4, L (55)
VX, VE
rxk .
_1\ =)
T nii Flz) '
i=1
ecTh pallioHAJbHAA CUMMeTpUYeckad (YHELIA 0T Z,, &y, - - - ,&,, 4, cIb-
H0BATEJHHO, PalioHaJILHAd (GYHENid OTB p,, Py, ---,p,- HO Takas ¢yHE-

mist, no npeamaymeir reopem’d VIII, sHpamaerca palioHAJIFHO Yepess p,
u VK.
[yers
R=9(, . VE).
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Iloxcrasndaa Bb ypasaenie (55), moayyaeMs
f(z,)dz,

VX,
f(z)dzx,

VX,

rrh @ panioHadbHAA QYHKIIA OTH p H ]/K.

Harerpupya o6b wacru mocabumaro paBencrsa, umbems

f(x )dx i 3
g—-;:l = ( 2oy l/aanle_raw»—lpl - O)dp,. (56)
VX, v

=o(p l,‘/R)l/ ,

nJIn

= ?/)(plr ‘/]_{) dpl L)

(¥

Unrerpans, crodiii Bp npasoit gactu, Geperca BH KOHETHOMB BULS,
T. €. BHpaXaercda uepe3b airefpaudeckid u JorapueMudeckis QyHEmiu

b, H VE: ‘/a‘znp? +ag, 0, + C-

Br moaysaeMoMB 1O MHTETpUPOBAHIM BHpakeHIiU

?,(p;, 1/"'2n1’12+“2n—1p1 + )

cabryers npoussectu 3aMBRY

Yl
P M 5, (popm. 5)
) Yy —§ 2a2nyvl + a’2n-—1Y
Ao, P+ Gy, +C B A — e opM. 48
V 63,07 + 12, p— WY (popw. 48)
3ariMb BB NOJIyYeHHOMD BHpameHiu sambumrs Y Ha
—8,+ l/z
4 —_ — 24’
y = (24)
Torga moxysnms
" f(x)dz, —
2\ 1
VX,

BH BUIB CyMMH aarefpawveckofi panioHalpHOR (YHELiM 0T z, U VXl
M JOrapueMoBHs NOZOGHHXD GYHKUif.
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Teneps nmepexoxuMB KO BTOPOMY CJAVYAL, KOTIA
p, = const.,

U Tpexje Bcero saMBrTuUMB, Uro Beerja CylUecTBYOTH Takid 3HAYEHiA
a, b, c,d, IpH EOTOPHX'B

g e Eéafx" T
1

- ¢, —+ d;
HEe PABHO TOCTOAHHOMY.
Bw camoms abak, ypaBHeRid

o

dt Todt U dt
PaBHOCHJIBHN cabAyOLUMD

i=n dx .
=0. (ugtj=1,2,3,...,n) (58)

1 =
‘; (¢;z;+d)? dt

OgeBunno, onperbaurenss 510l cucTeMH ypasHeHIifi He olpalfaercs
BB HYJIh TOHJIECTBEHHO NPU BCBXB ¢, ¢y - - - 4 C,, d), dy, - -, d,; €CIu OH
970 mpejnoJoxenie umbao mbero, To

dx dz, dx
_’=0’ _2:0’___,_”=0,
dt dt dt

uin

xz, = const., z,= const., ...,z, = const.,

a 9TOTH cJAy4afl HAMHM MCKIYeHDH (§ 1) M3 NOHATIA WABADIAHTHAIO mpe-
o6pasoBaHis.

Bepens 1b snauemia wia a@, b, ¢, d, UpH KOTOPHXE ¢, He DABHO
IIOCTOSAHHOMY.

Ha ocrosamiu teopemn VII

dg, -
—d‘z =VL g (32)
ruk
i=n a:c,.—i—b
q] == Z ¥Cix:+d 9 (33)

=1

Ly == b2n912+ bon-14; T I (34)
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Ilo aenmb §* 37 y,, y,, - - - , ¥, YAOBIETBOPHIOID YPABHERIAMD
dy, V?, dy, VY2 ay, V—Y—n @7
T Dy @ Dy) T Dy,
b . »
D(y)=(y—y)y—yy) - (y—y,)-
Vpasaenia ke (3) o6pamamnTcd BB
1 1 1
- b e =0,
CIOARRRCION oot 6(y,)
yl .7/2 :'/n
~ o — = -
0wy T ey Tt e,
(59)
n—2 n—2 n—2
?/1 y?_ yn
L. R ... N,
6(y,) 6(y,) T + 6(y,)
rxk
oy +8 2%y —I—ﬂ)
P . 5.0 ~ d” 2 st S Wi
O()_f(yyw)_uwr ) f(m+d "
= (cx+dr—2 (ad — be)* ! :
ecan _
_ax—+b . x__ay—i—ﬂz dy—b
cx+d’ Ty t+d —eyta

Bb camoms xbak, kaks upum jgorazareibcTsh JemMu §2 377, yGhxa-
eMes, uYTo

i=n

=n A -
B —'Z A P R
Li Oly,) | f(z;) ’

i=1 =1
OTKyIa HA OCHOBAHIM ypaBHeHiNl (3) W mosydaeM’d cUCTEMY ypaBHeHid (59).

Kax® uss ypapueniit (2), (4) u (29) Buseau (55), Takdp usb (37),
(59) u (32) BHBOJLUMD

6(y,)dy, dg,
= == S == (61 )
V Y, VL
rab S pagionaspRad cuMMeTpuYeckas PyHENid OTh y,, ¥y, - - -, ¥Y,, H, crbjyosa-

TEJBHO, PALIOHANBHAA PYHKIIA OTD @5 Goy- - -5q,, » TAD @y, @5, - +,q, TAKIA Ke
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GYHEWIH OTB ¥, Yy, -+ -, Y,, BAKD Dy, Doy -+, P, OTB &, Ty, -+ 7,

Ipumbana me reopemy VIII k® ypasmeniams froGu (31) uau (37), 3a-

KJI09aeMB, 910 S = X(ql,VI ) pamioHaIpHAd (QYHKIIA OTH g, M VL.
Wzt ypasuenia (62) umbems

O(y)dy,

Ve = ("VL)V"

OTEYIa

" O(y,) _
5 V?l dy, :j @(q,, V by @7 + by 0, + 1) dgy » (62)
1

rrk o pamioHaibEas QYHELid OTH

g, 4 VL= Vb g3 +bg_y0, + T

HuaTerpans, croamii Bb MpaBoii uacTH, BHpaKaeTcd yepe3d aarebpau-
YecKid M JOrapueMmyeckid QyHKIIM g, u VL.

Kax®s u BBb UpelnayumieMb caydab, cBeleMP pe3yJbTaTsh, M0JYyYaeMHil
110 MHTerpupoBaniu, kb GyHEIIN

@2_(?/1! VYI)’
Ocraerca Toabko 3aMBHUTH y, Ha

azx, + b VT VX,
;:’Ul ;F;i ’ Yl Ha (cxl + d)”' .

§ 5. Bambrumsb, 9To cucremy nudppepeHmiaILHKEXD VpasHerii dkolu
(1) BA OocHOBaHIM TeopeMH 2-oif MoieMD 3aMBHUTH CHCTEMONl KOHEYHHX'B
ypaBHeHii

o + 280, + 279, + 200, + e¥pf + st —o0,

a® - 280p + 27Bp 4 278pp, +e®p2 4+ ePp2=0.

Hau6oaxbe nogyaerca uscabposanio caywait teopemu III, rorga stu
ypaBHEHiA o6pamanrcd Bb JUHEHHLIA '

=LPp,+ MP =123 %=1, 01,0 (19)



rah, Eakb MH gokasasu B §* 27 (Teopema IIT) L®, M® woryrs
uMBre ToapKO crbIyomis 3HaueHmia

n
7T

J
Lip =

T b

— (20)

.
i
X — I 7T,
M= %ﬂ"—‘ (21)
k k
Tagums o0pasoMb modyyaeMsb, KakD 9acrTAwii cayyali Teopemm IX,

crbayomyo reopemy:

Teopema X.

Ecau paunionaisnad ¢ynruia f(z) takosa, 410 z,, Z,,
BJIETBOPAA yPaBHEHIAMD

., x,, VIo-
. m,— m i JZ;CJZZ——JIZJZ;
b, = Jt;:—ﬂ"]: by T Jt;: ; ) (19)
YIOBJIETBOPAKTD €Nle YPaBHEHIAMB
1 1 1
. ST SN S S—
xl + xz + + “n 0 3
fa) TRy T T w) — @
TO '
"flx)dx
J VX

€CThL UHTErpaJs MCeBIO-YIbTPAsLINNTHIECKI.

dra TEeOpEMa MOKECTD OH'TH JOKa3aHa M HE3aBUCHMO OT'h BBIIEU3.T0-
HenHaro, xorg TOorxa He Ha CTOJbBKO

dAcHA ¢BA3L ed ¢b Teopiein fko-
GieBcKuXb ypaBHeHiit, a riaBHoe TO, 94T0 OHA COCTABIAETD YaCTHHA cay-
yail 6oarke o0lmed TeopeMhl.

Jlas JoKazaTeJncTBa Pa3obbeMs

X =a,, (x— a)(@—a,) ... (x— a,)



Ha JBa MHOEKUTEJIA
X,=(x_a1)(x-"ag)" (x_an)y

X"'= (x - au-{—l) (ﬂ/ - a”+2) e (x - azn) ’
Torja
X — u.) X/ X " i

zn

[Ipurumaa obosuayenia (17)

X m e et (e, (O
X”zmn_ﬂ'l’x..n—l_'f_n;xn—‘-’_.,,(—])"]z:“ (64)

MH uMbeM® TOXEIEcTBA

’ " ’ " " ’
T ek T — T
T, = ’7[,"4'7[.,'-71,, ——— &
k k T — Ty
’ " ’ " " ’
2 — e e T Ty — T 7y
= T, — >
7, — 7, x, — w0,

uau, npusuMad ob6osnadenis (20) u (21),
7w, =LPx, + M®, (65)
7, = LB x, + M®. (66)

llogcTapaaa sru BHpamenis &, &, wb ypaBHemis (63) u (64), moxy-
qaeM'h

X4 - Z”](k)xn-—l + Mgk).,l.n—f_’ + . (_ l)k_lMlgk_)l.’l}”—k‘H _l_
+ (__ l)kﬂllgk)xn—k + (_ l)k—{-l M,(LZ)_lx"_k—i_l + L (_ l)n Jw’gk) +
+ JI;‘ (_ Lgk)xn—l + Lg\‘)xn—2 = (_ l)k-—l L}ﬁlx”—k“ +
+ (— LB 4 (— D LY av—H L (— DR LY),  (67)

rab
Lgck)zl, MP =0,

uyro BuoJaHE coraacHo ¢b gopmyaamu (20) u (21).
Iloxaraa

g = MBzr=' - MPgr=2 . (— 1) U =y, (68)

— LPa L L o (— P IR =2, (69)



MOHO HAUMCATh ypaBHeHie (67) M JApyroe, TAKUMD e 00PasOMB IOIY-
gaemoe u3b (64), Takb

X =u+ 27, (70)
X' = u 4 2x. (71)

U3p ypasuemiit (3) umbeMs

f(z,) f(x,) f(z,)
= = = s (@)
OTEY 4
nf(z,) _i:—': f(z;)
F'(z,) _.:1 F'(z,)
u
nf(xl)daq:':" f(x,) F'(xl)dxl. (12)
VE g re v '
Takp KaKD
Q f(=,)
R= % m

=1

pamioHaJpHAH CUMMeTpuHYeckas (YHENig OB Z,, Z,, ---,%, TO OHA BMB-
c¢rb e¢b TEMB pamioBanpuad QYHELIA OTB Py, Py, - -+, P, Lakb KaE®, 0
ypaBHeHiaMs (19), py, Py, - - - »P,, CYTh DALIOHAILHHA (YHELIM OTB p,, TO
u R ectp Takad e (GYHKIiA orb p,. Osnavums R vepesd ¢(p,)-
[TpeoGpasyemMs Tenepr ypasaeHie (72) mam, 4To To#xe, ypaBHeHie

fz)dz, R F'(z,) day
VX VX,
Ha ocmoBamiu ypapueniii (19) umbems
Fa)=n}'—m—Dpa 2+ ... +(—10p,=

= pap 2 — (i — D MP 2+ o (=1 M, +

(73)

+o(— LPe— D+ (e — 2 LPap =+ ... A (— 1LY, ) =

= (), (i) ™

Fz))=u, + 4,p;,



— B —

rxb

Alll = (n"‘)zzﬁ ) ]'| = ()')x:.c, :

Taxs kaxs F(z)=0, 10 &, + 4,p, =0, OTEyIa

&y
bp=—7,"
1

[logcrasaas BH ypaBHeHie (74) 3To Bupakenie p,, umbem

o,
' oz, ﬂ'dx,
5 :

1

F'(z)=

[ogcrapras b ypasenie (73) swmbero X =a, X' X", Ha
win ypasmesiit (70), (71),

g (2, 70) (1, + 4, 73)

a subero F'(z,) ero Bupamenie (76) u ouyckas JJId KDaTKOCTH
umbeMs

Au—Au
(@) de (o)~
VE i,
'/a‘Zn (7‘;:'71' ‘j) (7‘:":“‘ j)
uJId, 10 ypasHeHinw (75),
f@dz _ —o(p)dp,
VX Van®—p) (@ —p)
Orcroga
5' f@dz _ @ (p)dp,
VX o l/%n(";—m)(ﬂ; _P;)

Taks Kak’h UHTErpatb, CTOAMIM BB MPABOH Yactd 3TOTO ypas
(78), Geperca BB KOHETHOMB BuxAB, TO ToXE OTHOCUTCH U KD MHTErp

* f(x)dz
=




— B
[Mocab cosepmenia uATETpUPOBAHiA

J‘ @ (pl:) dpk

l/a:.!n('n;c - p/.) (Jt;: __b;)
BB pesyapraTh crbayers samBHUTE p, HA

_“
2

Candemeie.

Take kak® p, ecrb cuMmerpudyeckad PpyHEOIA OTD Z,, Ty, - -+ ,2,, TO
Bropas vyacth paBencrBa (77) OyLeTH OCTABATHCA DABHOH OJHOH u TOil ke
Beauuunh upu r =2z, 2, - - ,%,-

3HaYUTE
fle)de,  fla)dz, flz,)da,
VX, VX, VX,
Tak® Kakb
flw) =) (=) @
F'(x‘) —— F'(w2) = ... = lv-yr(xn) )
TO
F'(z)dz,  I'(z,)duz, _ F(z,)dz,

VX VX,

OTKYyJIa BHBOxATCH ypasHeHia fro6u (1).

_'/_X_;_ ,

TakuMb 06pazoMT UHTErpaas, 0 KOTOPHX's HIeTs pBub BB 3T0M Teo-
pemb, cyrh umenno 1h, guddepeHmiaIl KOTOPLXE JLOMNYCKAIOTH WHBADiaHT-
Hoe mpeofpas3oBaHie, M 3aKJIOYEHie 3TO MH BHBE.IU HE3ABUCHMO OTD CKa-
3aHHATO BB HPELBIYHIUXB naparpadaxs.

[punbrsna sty Teopemy kb caytao, korjga LP =0 (12 k), 910 Eaks
MH nokasaiu BH TeopemB [V Oymers To.abpk0 mpu

m=n (1=1,2,3,...,.k—1,k+1,n),
noJyvaeMs carbryomyio Teopemy:
Teopema XI.
Ecau ropnu norunsoma

X=a2n(x——a])(x—lx2) T (x—am),
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YIXOBJIETBOPAOTE YCJIOBiﬂM'B

(23)

17 Tk T = Tggas o000 Ty n?

u panionaipHas (QYHELIZ f(x) TakoBa, YTO IPU Z,, Ly, + - - ,Z,, YHEOBIE-
TBOPAOIIUXD YpPaBHEHIAMD

’ ’
Dy=T, Py="Ty,y -,

(22)
Pro1= Tkt Prpr = Tpro -2 Py = Ty
unboTs Mbcro ypasHeHid
1 1 1
N e -+ =0,
ey 1 ) o
x, Ty x,
M e M- el SN =0,
fle)  f(xy) + flz,)
(3)
x:z—z + n—2 + + x:—2 -
flx) f(xo) f(z,) ’
TO UHTErpalsh
j’ f@)dz
VX
€CTh WHTerpaJ’s ICEBIO - YAbTPARIIUITHYECKIT.
JMokameMs, 9T0 I CAyIad TUHEHHOA BABUCUMOCTH MEKLY pys Dys+ - > P,

QYHELIA, Y1OBIETBOPAOMIAH YCAOBIAMSE NPEIHLYIUXD T€OPEM'D, CYIIECTBYETE,
u Buberh ¢p ThMp Bafimem's o6wift TUOG MCEBO- YABTPASLIMITAYECKUXD
MHTErpaJoBb, CUOTBBTCTBYOILI TakoBOK 3aBHCHMOCTH.

Teopema XII.
O6miff Tuns MHTErpalvBb, YAOBIETBODAOIIUXD YCJIOBIAMD TEOPEMH

X-oit, ecTb

(79)

s

VX ’



rik
u=z" — M,""’x”"‘—i— cee +(_— 1)nAM£‘k),

— k -1 k
A= — P (= 1L,
’ JT"
o W
1 "tl ——.7{" )
v k
/_[u_]lllT
* Jlk./ 1%
M .y
JT —.'/Tk
r_ L ' 1 ”
T, =& Gy 1 T &, 7 a”+1+an+z+ +C*;n,
n’ S— a n S
= G, * 'my Ty = an-H lX”+2 wns lhgyy s

Bb camoms abab, BHpameHie
fle)dz
VX’
YAOBJIETBOPAHA YCAOBiAMB Teopemu X-oif, onperbadercss 1o ypaBHEHiAMB
(77) u (75) ¢dopmyoit
v
(1
2] dx

fl@)dz _ (ﬁ)

VX 2 dz VX’
TaKb KaK'b
afe \ ﬁ)
( ﬁ) . (l) (ﬁ) i(i
— ¢(p,) dp; AV iy — P\7) i
l/agn(ﬂ;‘—l);.—) (ﬂ; _pk) V“gn(ﬂ;,l -+ /‘)(ﬂ;:)“ + u) VX

Ob6parHo, ecau

u
D
f@)dx w() . (4) dz
S S5 N st T =
VX £)5 dx VX
ro uMBiore MBero ypaBuenis (19) u (3).
JbiicrBureapio, ecau  ypaBHeHis (19)  YIOBJIETBOpAITCA IIpHU
& =X;, Ly,r, L,, TO, KAKD MH IMOKA3aI¥ NpH JoKasareibcTsh reopems X,

n?



(%)

A i F'(x),
nad
ﬂ_‘”x)dxx (=) F'(x))dz,
VY] .plr Vz )
Wau
f(x)
F’(z‘l_) =g¢(— Pk) ’
OTEY IQ
f@)  flz) _ ) "
F'(z,) - (a,z) T Fl(x)

4, HAKOHEI'D,

1 1 1
Ty Tiay T T Fw O
g =0 3
fx) f(n) ) O )
a=e 4 1{,“2 =t
Ty T ey T T ey =
[Hosarag k=1,2,3,...,n, MH JLI4 Kamlaro 3HavYeHida L OyremMb

uMBTH CAMHE TUUD IICeBRLO-YIbTPAIJNJIUNTAYECEUXD UHTETPAJOBH

j (L(]l)xn-—l — LPgm24 . 4 (_l)n-lL(nl))

d = M,‘”x”“ 4+ ... (1) Imr'(bl)
dz \LP 2"~ — LPz*" 4.+ (— 1)L

( h— M= b o (— 1M ) dx
I\ L0 . (=)L) VX



g‘ ( L(l‘l);l;n—l . ng)xn-—'.’ “+ .+ (_ l)n—sz))

d ( g — MP Tt (— 1) UD )
dz \L@a" T — [@z* . (— 1"~ LO

(- el e ki 43 ) o
@ L(I‘Z)xn—-l _L;Q)xn—l +' . +(_ l)n_-_]L(”Q) I—/'S—(' .

(80)

( (Lgn)xn—] . Lgt)xn—‘Z + L. + (_ l)n--lL;n))

d ( x"—M,("’.'I:”‘l—{—. . .+(_})n M’(‘”‘ \
az LWgn=1 — LWan 4. (— l)n—ng;))

( .Z'” - M](n)xn—l __+_ . _+ (___1)1: Ju’gn) > d’[,‘
2 L(]n)xn—l _Lgn)xn—-l = .' . +(_])n— | L;ﬂ) Vi’

Bt wacrrmom® cayugal, korga

— Tk — e T = T — S o p—
—LEI)—"'_Lkll_Lg'-H—""—Ln)_O’

Y (i=]72139"'1k_1:k+1!"‘1n)1

7 TUNOBH INCEBIO-YJIbTPAIJIANTUICCEKUXD HHTEI'DAJOBD 6}',21)”]"5

g - ad (=" ____]”I(I)xn—l 4.4 (_ 1)” J”?(‘])
“ E; .Z"—]
(x" — MOz A (— D" MO 4y
¥ .’L'"—] l/—jc.,
5 g (w" — MBa . (— 1) D
z E xn-—‘_’ )

,I;n——l

(xn — MP)xn—l +.. (— 1)" M’(:'))) dx
QP ]
VX

(81)



((L(IE){L.”—] _ LgZ)xn—‘l 4 __%_ (_ 1)4«—2 L;ﬁ)

d ( £ = MP P e o= (1) M )
dz \ L@ — [@gr—T . - (— 1"~ 'LO

. ( " — MOz . (—1)" MO )_d_x_
Lo T L@ .. - (— L2/ VX

(80)

g‘ (Lgn)xn—] _ ng)xn—2 + L + (__ l)n——lL(nn))

d ( x”—M{"’z"“-%—- . __1'__(_})’; M,(‘"' \
dz Limgn=T — LWan—" . . 4 (— ])n—lle))

( i j”](n)xn—l + . _+(_1)11 ]u’gn) ) e
g L(]n)'tn—l_Lén)x'p—1+..'._*_(__])n_'LL") V5

B® wacrmom® caywab, roraa
Ih=IP=IP=...=LF =IH —...=IPH=0,
a, CJI'EJLOBa'I‘eJIbHO, KOPHHA CBHA3aHH ypalmeniﬂmn
x=a (i=1,2,8,... . k—1,k+1,...,n),

7 TUNOBB ICEBIO-YJABTPAJJININTUIECKUXD UHTEI'PAJIOBD 6}’11)"]"1)

J; e d (r" — MOzt (— 1) M,(L‘))

dx !

(x"—Mg”xn—' 4o (— D MO gy

@ xn—-—l l/—if,

S 2 a (SE" — M?)-’L’”_l _*_. .. + (_ l)n 111’(?))
= s

n—2
x

xn = M§2)xn-—l + A + (___ l)n Z”q("_’)‘ dx
P fC”_l )i/i )

(81)
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e
dx x

5' d (a;”— MpVgr-t 4 (— 1) M'(ln—-l))

(== M I M g
P =
d

v

dx
Q2" —MPz" 4 .. (— 1) M,‘[”)——
( ' ) VX

Jaa ciayyas dIIMUTUIECKHX'B MHTerpasoss ¢opmyan (80) zpawors,
nocab aBkoTOpPHX B mMpeoGpasoBaniit, cabiyonyo vaTepecHy0 GopMY HCeBIO-
SIIMOTUIECKNXs WHTErPaJOBh, YEKazaHHYI Paddu.

A umenno, Bb ¢opmyrd

‘22 —2Lax—M (xz—f—‘M dx (82)
x—L z—L)yXxX
(raB AIs TPOCTOTH OTEUIHBAEMD 3HAYKH) LOJATAEMD
2 +M 9¢
2 +M _ gl 2—L B x‘z-l-M_z:
¢ x—L)_ 21 M a—1L =)
_2)] .
z—L
ril § ¥ 7 KOpHU ypaBHEHid
22— 2Le—M=0, (83)
TAKB 9TO
2t —2Lz— M= (z— §)(x—7), (84)
§=L+VI+M,
n=L—VIL*+ M.
Ho
a?+ M—25(z— L) _[x—L—]/U—i—Mr
22+ M—25(x— L) e—L+Vii+nm ’
Cabrosareasno,
(p(x’z—l—M\ _ z—L (x—L-—l/L‘Z—I—M)
x—L) @#—L—VL+M2 \e— L+ VI*+M’



: P
rrh x osHavaeTh palioHAJbHYID ApO0bH 6-, YMCIUTENs U 3HAMEHATeJb KO-
TOpOR 9YeTHHA (yHRIiu.

lloxcrasups 310 BHpakeHie QyHENin @ BB Gopmyay (82) u upous-
Beld COKpalleHid HA OCHOBAHIM (POPMYJH (84), MOXYYMMD NCEBLO-I.LIHITH-
geckifi uHTErpald BHIA

A T2 . T2 1 17 .
Sx L+VIL*+M %x L+VL+M)x’ (85)

—_ Y —
e—L—yI[+M "\a—L—VI*+M

ril x(z) umbers BHIIeyEasaHHOE 3HAYEHie.

dambrums, 9ro Hamu pascymAeHid UMBOTD cHAy HE TOIBKO B TOMB
caydab, Korsa «,, OTAHYHO OTH HYAHd, HO U KOTAA a,, =0 u mOJu-
HOMB X HEYeTHOH cremeHu

X = a’2n—lx2n_l + a2'll—-lx2”—2 + e + a,x + Ay » (86)

upuyem’s MH 1IOKa npexnoJgaraeMmbs, 4To «,, ; HE DaBHO HY.II0.

[Toroxums
. "
&=1, =1,
’ ”
g=0+ate+ - .-Fa, =+ a7+ Fay,
’ "
— =1 7 e 0 !
& a,a, 4+ ... &, G, R R S S
. . = R 5 = i : . « 3 . (87)
& =a,a _— a 2
w1 By ly n? S an—{»—l n4-2 - Gy
Toruxa
’ ’ n "
=8+ ¢ r,=¢,
’ ’
itl o :(ilf + 8’
P 5 )2

e ] .
e =g : —_— F— .
al alzool—l al Ay =c0

Ha srom® OCHOBaHIM JJs CIydaH, KOIZa dy, = O MJU KOTJA OJHHb
u3b Kopmeit, HanpumBps, @, = oo, noayyaemd usb Gopmyss (20) u (21)



le jt”
a
*) — ! 1
Ll - nﬂ ’
k
al al
Jzk " " Jtl
— ) —
1 1
M®p— —"
.7'[[. T
a, a,
OTKYyJa, pU @ == O,
(k) i
L ==L, (89)
k—1
8[ 8’ o 6”8’
:—1%1--1 k€1—1
Mp = : : (90)
k-1

9ru snavenia L u M® u cabiyers, b cayual morummoma (86),
nojcraBuTh BB Popmyan (80) u (81).

3amBTuUMB emle, YT0 HANIM pA3Cy#kJTeHid He MpPENNOJAralTh Hepa-
BeHcTBa LkopHeH X ; KopHu X Moryrs OHTh 4 KPATHHMH M paIuKalb
VX momers npuBecruch Kb BULY

VX=(ba*+b,_,2* '+ .+ bztb)=

= chxp -+ ca_le’—‘ 4 oo BBy
rub

B-+2a=2n wim F-+2a=2n—1 [Bb caysad “2n=o]'

§ 6. Hurerpaan diaepa ).

HuTerpaan Sitiepa

1—2a? dz
gl-ﬁ—x? V1+at’ (o1)
1+ 22 dz
—, 92
jl_xz V1+at (92)

1 Euleri Inst. Calculi Integralis. 1776, m. IV, crp. 36.
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BXOJA1H, KAk JOBOJBHOH NPOCTOA YacTHHH cJaydai, BB OepByH H3B Pop-
Myas (81).
IlepBomMy unTErpaty cooTBBTCTByeT's pasioikeHnie BA JIBa MHOMUTENT

1 +x4=(x2—1/§x+1)(x2+ VEx—}— 1),
TaKb 9TO
Mg‘)=n2=n2=l L,(;)=O,

] —ax? dx _ [ d 2241\ (224 1\"! dx.
L+a? Y1 4+ g ¥ iz z @ ) VX'

Kb wmnrterpaay (91) MoxHO NpuMBHUTH HOJACTAHOBKY

;3 1 g
el =z WL —— ® =
x z2+1

. (93)

Hurerpaay (92) coorsbrersyers pasiaomerie
A4+a)=@2+V—2r—1)@2—V—2z—1),
U8B Koroparo cabiyers, 4To

M§1)=n;=ﬂ;=——1,

142  de g A (1) (Z—1\7" dz
J1—a® V1 F z¢ dxdx @ z VX

BTOMY UHTEeIr'paJy COOTB'ETC'!‘ByeT’b IIOJXCTAHOBEA

xz—l—z uIu g =
x x2—1

t. (94)

3amBrums, uro waTErpass (91) MokerTp OHTL HAHIEHT HPH IOMOIIM
nojcTaHoBEN (94), a uHrerpats (92) upu HOMONIH HOACTAHOBEH (93); TOABEO
GyHENig @, BXoZAmAA BB GopMyan (81), Lasg dTOro caydas GypeTh MHOIO
croxube. '

JbficrBuTeasHo,
~ g Z?— 1 _d,(””z_ 1)
1—a® dx @ AN
1+22 V7] - ¢ z2—1\? X g
’ Vitz | ( ; ) 44 VX
i - 2’41 x_dw(xz—rl)
1+a® de x der\ z
— a2 e 2 1\2 =
1=22 V1 + g (z.1>_4 VX


file:///-/-x2

Tperiii uHTerpass Ofiiepa Toke NIPUHANLIEKHTD KB U3CABIYEMON
KJaccy W HAXOXUTCH IUPU TOMONIM NOAcTaHOBOKD (93) u (94), ecau umb
BBULY, 9TO

V]—{-—J;" de 1 1—a® dz 2! ‘142 dx
1T Vige 2

| Viger 2

= ViTa

s

Orcora vau

l(aﬂ—i—])
241 o "V

142t de 1 : s 4 dz
I—&* Vigat 2| |2F1 (x2+’>2_4 Vx
x &
Ui :
x2—1)
. . et N ( 1_)
bt _de 11 T T
Il—zt Y14 gt 2 z2—1 ?—1\* i VX
z z b
WUurarerpaas Peaauca
=g dz
— : = (9t
152" Va4 8z + 72’ +84° +-aat

CIYKUTH 00001ieHIeMs 3TUX's TPeX'’h MHTerpators Jilrepa U Toke P!
HAJJIEKUTH Kb TUINY MHTErPajJoBb, onpenbideMbxs ¢opmyramu (81), kak
HU#e YBUIUMT M3b u3cabiosaHisa murerpajoss DyHAKOBCKaro. 4acTHHM
¢IyyaeMb KOTODHX'B fABIAeTcs MHTerpa.asb PeaJuca.

Murerpaan Bynaxosckaro.

OcnopamieMt uscabjpoBaaiil BYHAKOBCKAIO CAYKUTH TOTH PAKTh, 4T
BCAKIfl 3JJULITUYECKIl MHTErpatsd

j’ @ (z)dz B}

== (97
Va, ot + a,2% + a,2° + a,2 + @,

') Byaskoscki#i. O nbKOTOPHXD YACTHHX'B CAyYaAX'®h HHTEFPHPYEMOCTH Bb K(
neysoms BEAB Inddepenmiasa .

x + C dxz

2+ Co)/z* + Aa®+ Ba® + Cx + D
A Apyruxb Bupasenifi nopo6maro smpa. Hpmaomenie kv III Tomy 3Banmcors Axapemi
Hayks, 1863 r.




upuBojuTCcH Kb (opmb

: f(x)
j Vat+ Az* + Ba® + Az + 1

(98)
HOJLCTAHOBKO

rz=qay -+ 8.

[lceBro-saaunTuyeckumu uaTerpajsamu (97) mo ByHakosckoMy O6y-
IyTs TH, II1d KOTOPHXB

Fla) + f(;i) =0,

WM, 10 TepMUHOJOriM DByHskoBckaro, pamioHairHad ¢yskuia f(x) ecrs
QyHELiA BO3BpaTHAA 3HakonepeMBHHAM.

Jlerko BupBTh, UT0 MHTErpaJn BYHAKOBCKAro mMOAXOXHTDH, KAKD 9aCT-
HHH caydajt, moqds TUI'H WHTerpatoBs Paddu.

Bw camoms nbak, ycaosia Teopemn IX yrosreTBopenH, u60, ecau

2,2, =1, (99)
TO, BO IEPBHXB,

dz, - 4 dz, .
Vzt+ Az’ + Bz? + Az, + 1 Va}+ Aad + Bzt Oz, +1

b

U, BO BTOPHX'b,

f(z,) + f(z,) = 0.

Taxums o6pazoMs, uurTerpats (98) yIOBJIETBOPAETH YVCJIOBIAMB TEO-
pems IX, a Taks KaKh 3aBUCUMOCTH MeXLY x, U z, (99) Tuna (22), T0
OHB YIOBIETBOpPAETH M YCJIOBIAMB TeopeMh XI, a 1oToMy 3akJi09aerTcsd BB
dopmyraxs (81).

Jlaxte, ecau

@, =y, + 8,
@y =0y, + £,
T0, 110 JeMMB, 1upu
di, n dz, 5
VX, VX,
umbents Tarme
dy, dy,

Vy, VY,

2



e AB ==

kpov’ Toro, ecau
¢(y) =fley + 6),
TO IpH
flz,) + f(x,=0,
Oyrems umbTh TaKEKe
9 (y,) + ¢(y,)=0.

Marerpars (97) Tose JIomyckaerb MHBADIaHTHOE lpeoGpasoBaHie.
Taks kaks, Kpomb Toro, obGosnavad

=Y, T Y

Q=YY
umbemsb
p=cq +8 py=0q,+abq + 8%,

TO 3aBMCHMOCTH MEKXLY q, U g, Oyaers aumeitnan, a mo reopemb III me
uHave, Kakb tuna (19). Uarerpaas (97) HoAXOJIMTH MOLH GopMyJH (80).

Cnioco6p umurerpuposauis BynsaxoBckaro uau, Bbprbe, BHBOID U3B
uscabyosaunaro kiacca jxpyroro 6oxbe o0mupHATO EJacca NCEBXO-3IIHI-
TUIECKUX'D MUTEIDPAJOBH MOHKET's OGHTh uszraraeMs® BB Goxbe odmeil dopus,
abMB 310 rbaaers ByHAKOBCKIf.

Uss coorwomenid [pas. (75) gasx k=1 n n=2]

x>+ M
b= L
onpexbagens x
e VN
z= ) )
rab
N=p}—4(Lp,+ M), (99)
TaKb 4910
p,+ VN
n=T
p— VN :
Ty=

F'(z) =z,—x, = — VN.



Eciu @(x) 03HagaeTds pamioHAIBHYI (PYHRLIO OTB Z, TO

+ VN -
q’(x]):(l’(ﬁl—Q—"—):x(pl)—{—w(pl)VZ\/, (100)

| VN _
(P(.Z'z):(l) (ljl 9 ) =Z(P1)"'w(171) VN’ (101)
¢(x)dz,  2(p) + o(p)VN ‘
— = — dz. 102
VX, VX, ? (102)

Ho, no ¢opuyrt (54),
d d d

Z » b, (103)

VX, F@)VE VEN
rib
K= a.mplz +a2”,_,p1 +C,
uian, rounkbe,
K =a,, (x;—p,) (%, —p,)-

[Ipurumad Bo sauManie (99), 3akai09aeMsb, 410 = KN ecTb H0IAHOMD
YEeTBEPTOH CTeNeHH OTHOCUTEILHO p,, Kakb X, OTHOCUTEABHO Z, .

Ha ocnopamiu pasencrBa (103), paBeHcrBo (102) Hamumerea Takb
(omyckas 3HAYKH)

¢(2)da § 1(p)dp J o(p)dp (104)

VX VP VK
Bropoi#t uHTErpa/sh MONKETH OBTH B3ATH BH KOHEYHOM® BUIB; TOKe
O6ynerp OTHOCHUTHCH W Kb

@(x) dx
VX’
ecau
’ HWp)=0,

7. e. [ypapuenia (100) u (101)] korza

9 (z)+9(x) =0,
T. €. Korjpa
9 (z) do
VX

JLONYCKAETHs MHBAPiaHTHOE NMpeobpasoBaHie.



— B =
Ecau x(p) He paBHO HYJXI, TO IOCTYyHAaeMB Chb HHTErpaIoMb

"X (p)dp
VP
COBepmeHHO TaK#Ke, KaKDb H()CTYU&J]M Ch HHTel‘paJIOM’L
‘(2 da:

VX

q, =p1+p2’

Torpa, moaaraa

rib p, ¥ p, YAOBIETBOPAOTH OHIEPOBY ypaBHEHIIO

dp, o dap,
Ve, VP,
NOJIY9IUMB .
S‘ gi(ﬁl)dpl 6(q,)dg, ®,(g,)dg,
VP, Ve 278

r1b @, moaMHOMT uyeTBepToii, L BTOPOi CTElleHU OTHOCUTEIBHO g¢,,a O(g,) 1

®,(q,) BBKOTOPHA panioHAIPEHA QYEENIX OTH @, -
IIpu 6(q,) =0, 1. e. Korga

1(p)dp

VP

JoOycKaeTh MHBapiaHTHoe upeoGpasoBaHie, ToaydaeM’b Bropoil carydail unTe-
IPUPYEMOCTH, TAKbh Kak’® 00a HMHTerpaia, BXojdmie BB ¢opmyay (104), BH-

pPakawTcAd BH KOHEYHOMTH BUIE

o(2) dx=S ® (q,)dql ij(p) dp
f VX T '

Bw pesyavrard cabayers sambEuTE ¢ Yepesw p, p uepesd .

Tperifi caysaii uBTErpupyeMocT IOJyYuMb, mpousBoxa Tthxe pbii-

C¢TBiA HAID
( 0(q) dq
Ve
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Hurerpaan Majaae 1).

JaeMs HOBHA JO0KasareabcTBa JBYMBH TeopeMaMb MaJie, OTHOCAIIMM-
¢i Kb ICeBJO-3JIMNTHYCCKUMD WHTETpaJiaMb, NPHHANJIEKANUMD, KAKD.
HUEE NMOKamkeMb, BB uscabyyemomy kaaccy Paddu.

Teopema XIII.

Eciu noxoxurs

X=(0144ax)(1+bx)(1 + cx) (1 + dz), (105)
;o ab— cd
T ed(at+b)—ablc+d)’
. ac— bd
4 " bd(a+ce)—acb+d)’ (106}
llll_ a/d_b(ﬁ

T be(at+dD—adbFe)’
T0 pupdepeHmiaLb

1 1 1 dx
[x_ll_+ o l” +.’L‘—l'”] Vi;? (107)
MBTErPUPYETCH BB KOHEYHOMD BUXE.
Hoaomums
I L——a —1~—-a 1 = —

@ Yo 2 ¢ 8 d 4
‘/T’1=V(x_a])(x_az)(x_a;;)(x—a,i):—‘/éﬁ, (109)

Vabed

a o, —a, 0

ll= 172 374 =:L(2), 110
(OCI _i— a2) - (a:; + OC4) ! ( )

Ui, OUYCKad 3HAYKU IJA KPAaTKOCTH,

dx _ dx
@—2)VX (2—LVX

Jpyria x8B xpoGu, M3H CYMMH KOTOPHXE (6) COCTOMTH pa3CMATpU-
BaeMulit Juddepenniars (107), moayyaoTea TAKUME Ke 06pasoMb NpPU JIBYXD
Ipyrux's pbieniaxs va ABb rpynun kopmei @, a,, ¢, «, nomuHoMa X, . -

e

O603HayuMD 3HaYeHig L Bb TpexXd MONOOHHXT caydaaxs uepess L', L", L.

¥=Z,

1) Malet. Two theorems in integration (Annali di Matematica pura ed ap-
plicata, t. VI, p. 252),



Iosaras BB nepsoit u3s GopMyas (80) n=2, ¢ =1, MOIyUuMb

22— 2Lx— M dzx ‘z—L i
J= e P M+L2)J
) z—L VX, SVX1 (

dz

@—L)VX,

rib .J sHpamaercd gepess
_P+eVX,
el P ”— Q‘/X’; ]

rik P u @Q nbana ¢yuskmiz ore x ).
Orcoga noxyyaems

1 1 1 dzx
ettt

(%

* adx " dx :
— = g L J 4 J+ T, (111)
JV& jV&

rab J', J", J" HpegcTaBAAOTE TPM JOTAPUOMA YIIOMAHYTAro THIA, &

w1 , 1 n 1
= L,2+M/ i L”z'i_Jl" L1112+Muls

LI L" LIII
Cmriyw t iyt Iy

Yepess mpocroe BHYucIeHie Jerko yobauroes, 49T0

L4 M*=(L' — L") (L' — L") =¢'(L),

rib
o(L)=(L—-L)(L—L")(L'—L").
Orcioxa
WSO SO SN N (112)
== q/,(L,) (p,(Ln) (pt(L/l/)— 6 ]
L, L” Ln/
=gwitv@m e ()

1) 9To HOBHi BHBONG POPMYIN AGesa Aid BHpaKeHid

H J0TapUeMT.

C k4 kx
j VR

Abel. Théorie des transcendantes elliptiques. T. II, p. 110.

i dx
dx uepess | - —
5 (@—a)VE



Ha ocHoBaniu moayYeBHHX's paBeHcTss (111), (112) u (113) u mpu-
HUMad BO BHumauie (109) u (110), noxysums

1 1 1 )dx 1 M+NVX
: e | e =+C, (114
S(x—l T T i VX~ Vabed S M—NVX )

rit M u N pband QyHEOIM OTH x, KOTOPHA JErko BHYUCIMTE HA OCHO-
BaHiM BHITECKa3aHHATo.

Bropasa Teopema Maaie cocrontds BB cabpyouieMs:
Teopema XIV.

Ecau 11010#UTE

X=Q04ax)(1+b2)(1 + cx), (115)
b be
# a—b—c
o ac_
I P — (116)
we__ b
# e—a—b’
to xuddepenniars
1 1 1 xdx
[l—ﬂlx + 1__#":1; +1—‘U”'.Z‘]—‘/-_)E (117)

uaTerpupyerci B> KOHEYHOM'B Buxb.

OTy TEopeMy MOMHO pascMarpuBATh, MEXAY NPOYMMB, KAKB JACTHHA
caydaii npegmznymefi. Bn camoms xbab, noasaras

z=—,
z

noJyd4aeMb
yx="2
V4
rib

Z=(+a)(z+0) (¢ +c)(2),

adx _ dz

VX VZ



— B e

Tudpdepenuiars (117) mpeodpasoBHBaeTCH BB CIBIyONIee BHpAKEE

1 1 1 dz
- 7 " el L 11
[z—u R ]VZ (
b o', @', @' Bupamenia (110) npu
o=, —a, ¢,=0, a¢,=0b a,=C.

Juddepenniare (118) ecrs, Bb CymHOCTH, YacTHHA caygait (107).

OrpanuunBadch paszéopoMs HTuXD HauGoxbe M3BBCTHHXD ICEBILO-:
JUNTUIECKUX's WHTEIPAJOBB, MH He OyJeMb 3aHMMATHCH COCTABJIEHid]
UMD TOXOOHEIXH TCEBLO-YABTPARIIUINTHIECKUX'S MHTEI'DAJOBH, UTO Jer
crbaate mo gopmyisams (80). Ho BB saksiouenie npuBegeMb npumMBps ¢
HOT'O jpuddepenIiaia nononbnoto6mar0 'xapaRTepa, IONYCKAKMAro UHI
. . . odx
pianTHOe TWpeobpasoBamie. llpexnoromums, uro AuddepeHIIaTH V= ’J

Vv

K085, 9TO

g‘(’i_x — 1 Ig M 4

JVX 27° —8—-VX.
u

8- X=ua, (11¢
rib o mocrosHHOE, MJIH, 4TO TOKE
ods | —S+ VX
S V?{—lg = + C, (12C

rxk R mocToAHHOE, KOTOpOe 3aThM’p RaIJIeHKANMUMb 00pPa30MB BHOEpPEMT
PagencrBo (119) nepenumems Takb

8?—RT=X, (11
rit noaaraems
T=1, R=a. (121
Torza ypasuerie
—S+V§_1
R e
npu yecaosiu (11), 6yxers onperbiars pbmenia z,, 2y, ...,x, CHCTeM

IuddepenniaibEHXDs ypaBHeHill fKko6u



dz, 4 dx, i + dx,, "
vx, "~ Vx, T vx,
(1)
xr2dz, n x3~2dx, + n xr2dz, .
vx, © vx, T vz,
a mpu yeaosiaxs (121), T. e. mpu
r,=0,7r,_=0,...,7n=0, ry,=a,
8, =0, t,_,=0,...,4=0, t,=1,
no ypasaeHiams (5) u (7) »ru pbmenis 6yIyTH> TakoBH, 4TO
p, = const., p,=const., ...,p, , = const.,
a no teopemt IV pmoamum umbrs
p=mx, p2=n;""’3’n—-1=‘n;¢-—17 (22)
IPU YCIOBIAX's OTHOCHTEJIBHO KOpDHe# losuHOMa X
w,=ux,. (i=1,2, ., —1) (23)

Ce nxpyroit cropoun, osHavas vuepess S,, R, T;, X, 3HadeHia
S,R, T, X npu z=ux,

—8,+VX, —8,+VZX, —8,+VX,
A A
Otcoxa
0,dz; 0,dx, ( 0,dz,
v, Jvx, T vx
U
@1 d‘rl 92 de @n dxn
Vf, V—X—z - VY; ‘
Taxs kKaksb, 0o ypasHeHiaMms (1),
F'(z)dz, F'(x,)dx, F'(z,)dx,

G 4 e (2)




170
Qlw _ ()2 _ on
Fz)  Fly = Fla)’
UuJau
b =0
01 02 @n ’
M =0 (122
0, 0, 0, ’
g-E g n 4 g% .
9, 0 0, ’

dzx . .
T. €. %—X— IONYCKaeTh MHBApiaHTHOe mnpeoGpasoBaHie ¥ MMEHHO Xapak-

repa (22). CrbroBareiasHo, g%, opd  ycaosim (120), ﬁOJIXOJLHT’B OB

nepByio usb GopMyas (81) u, Kak® Jerko yobauTecda, TOTAAa BB 3TOH dop-
myad crbayerp noaomuTs @ = 1.

§ 7. Unrerpasn (80) npupogarcs Kb

P(§)d§ ’ (123)
VA& +Bs+C
b @(§) pauioHanpHas (YHKIIA, NpU IOMOINU MOJCTAHOBEH
A
e g )
u
rib 2 u g obasa GpyHEmin " n (n — 1)°" crenenei
____xn___Ml(k)xn—l -4 Mé")x”'z— cee—(—=1)" Mf,"),
(124)

A= — LEg14 LPgn 24 ... +(—1)" LY,
a L® u M® umbors srauenia (20) u (21).

MoxHO JOKa3aTh, 4TO B¢k MHTErpaJs BUIA Sf‘g% dx , TPUBOJAIIie-

ca KB uHTerpaay (123) moxcTaHOBKOM

.3

P =§1



— 57 —

rib ¢ u 6 uwbasa GyHEOiM cremeHM He BHIIE #™°F EKaKIad, 3aKIOYA0TCT
RB (Qopmysaxs (80).
Iomomums

+8
+d

N | R
Uiv| Uy

17=

Torjpa unTerpaas (123) o6paTurcd BB IPYrod HHTEIPATB TOIO #e THIA

‘" P dny
JVapr+im+e’
. + 8o
"= Yot ds-
[oxaras
e=0,2"t+o, 2"+ ... + 0o,z + 0,
(125)
\ 6=an”-—f—6n_lx”_'+ ——{»—Glx—}— Gy,
BHOepeMs «, B, 7, d Takb, 4To6H umbiu mbcro paBeHCTBA
lXQn —{—ﬂdn =1 ’
«, ,+6d,_,=0,
(126)

v0, —+do, =0,
707;—-]: + d.an—k = (—— 1.)k :

[Ipu BhKOTOPHXD 3HAYEHIAX® k& MoikHO omperbaure «, 8, y, d, yIo-
BIETBOPAONIiA 3Toit cucTeMb ypaBueniit, u6o He MoxkeTs JXJId BchXD 3HA-
geHifi k£ onpexbanteas

On Gn-—l
Or Op_y

GGl
Gn Gn—l 61 0 ’
u6o rTorjxa
L P const.
6
CakuoBaTenpHo, ecau I(Vx)}%:g HpUBOLUTCH KB Xupdepenniary
P(§)ds

VA& + Bi+C



. 0 ‘ "
NOACTAHOBKOH § = F1 rik ¢, 6 umbors 3magenia (125), TO TOTB e
Iuddeperials NPUBOLUTCA KD

P(n)dn
VA + Bn+C

HOJCTaHOBKOI

N
n
e

(=}

rrb
¢ =0, 2"+ 0,2+ ... +o,z+ 0

¢ =0 g"+6, _,z* '+ ... +6z4 g,

’

6;,:01 0;,= 1, G;,_k=(_ l)k’ Qn_k=0' (127)
Hoxokums cmepsa A’ oTauuHEME 0oTh HyJs. Torga

A+ B+ C=40+e)n+8),

o'y (i) ’ (%_)
flz)dz ¢ | dz

= dz.
VX Ve, Vet t b

Orcopa

V(o' +0d'a)(o'408)

Vx = panioHaJpHOl GYyHELiK OTPH z, UIH

ol (e'+da)(+ o) =0}X, (128)

rit o, u ©, nbise NOJIMHOME, KOTOpPHE MOKHO NPEANONOKHTH B3aAUMHO-
OPOCTHMU.

Ecau npexnoaoxuts, aro y noausoma X BBTH KPATHHX'B KOpHETi, a 1mo-
oMy X He Moxerb IbBIuTBCA HA EBAJpATH ©F, TO

Taks kakb (0 + o) (o + 68) Toit ke crenenu, 910 u X BB caydasb,
ecin X crenesn 2n°', T. e. a,, He DaBHO HYJIO, To @2 = const. Cpas-
HUBAA OPU 9TOMD KOPPQHUIIERTH LPH BHCUIUXD Crelendaxb, NoIydaeMb

D
Wy == ay,, -



Bs caysab a,, =0, paBescrBa (121) GHTh He MOKeTH IPU KOHEU-
BHX'H 3HAYEHIAXH @ U B, u60 BB IEBOHl 9aCTH MOJUMHOMT YeTHOI CTeneHH,
BB NpaBOil HEYETHOMH.

Hoxaraa me A= 0 [uau, 9T0 TOKE, B =00, A'8 = B'], moayuums
B +da)d" =X, (129)

PaBEHCTBO BO3MOKHOE TOJBKO BB cayyab a,, =0.

U3p Tomamecrsa (128), KOTOPOE 1O BHIMEIOKAZAHHOMY MOKHO HAINM-
caTh TaKb

(0 + ) +08)=X=

=@—a)(z—a)... (x_an)(x—an+1) 20y,

(130)

umtems

’

e, +o,a=1,9, -H90,86=1,
@;_1+6;_1a=——.7:;, 9;—|+6;—1ﬂ=_‘”’1”
Oyt 6,_0=(—1Fm, 0, 40,  B=(—1)x,
0t Gpa=(—1"m,, 0o+ 68 =(—1)"=,.

Jderko BuxbTh, 4T0 M3H HTHX'H YCIOBifi IpM 3HAYEHIAXB O, @;, o s O
(127) noaxygaems v
’ ”
a=m,, B=m,

Q‘n-—lz(—— l)l M;(k)v o, _1=(= I)IL(lk), (131)

”

rib M®, L® unbors smagenia (20) u (21).
Mexona uss rompecrsa (129), upuaeMms k' ToMy #e pesyasrary (131),
roasko LY, M® 6ynyre umbre ssavenia me (20) u (21), a (89) u (90).

TakuMb 06pa3soMb MOJYyvaeMb TeopeMy:

Teopema XV.
pE)ds
A8+ Bs+ C

palioHaJbHONR NTOXCTAHOBEOH § =%, rib 0 U 0 MOJMHOMH KaMKIHT cTe-

e f(z)dx . :
Beaxifi uaTerpass W’ NpUBOIANLIACA KB 7



IeHd He HU#Ee 7, ecad X eCTh NOJUHOME cTenenud 2p uiu 2pn — 1, He umbio-
mifi KpaTHHX'B KOpHei, 3akJoUaeTcs BB Kaacch mHTErpaJors, onperbide-

; ; x)dz :
MoMB dopmyramu (80), u xudpdepeHuiasb f i/% IONycKaeTs HHBapiant-

Hoe mpeobpasoBanie (19).

*f(zx)dx
VX

Hurerpann , lpuBogamiecs kb uHTerpaxy (123) uoicra-

HOBEKaMu

jo
s = ’

o
¢
BB KOTOPHX'h Q U 6 NOJIMHOMH CTENeHefl BHCIIMXD %, Y#ke He onperb-
xgioTea gopmyramu (80), HO JJs DTUX'h WHTEIPAJIOBs MOKHO YCTAHOBHTH
f(z)dz
VX

, ik @ noaunomd BHcmern crenenu, IbMB X,

rouky 3pbHid, nogo6Hy0 Npexuaymen. MosHO pascMaTpUBaTh , Kak®

pla)da
Vo

umbomiit KpaTHHA KOPHH, TAKD YTO

Iuddepenuians

D= X0,
p(x)=f(x)o,

ris @ ubrasa ¢yueuis. llpn Hamrexamems BrHGOpE O nuddepenuiars
p(x)dx

Vo
30BaHie, T. €. IONYCKAOIUMT coBMBerHOE CymiecrsoBaHie IBYXDH CHCTEMB
IuddepeHnialbHHXs ypaBHEHIH

OyJleTs IuddepeHUia oMb, J0NYCKAOIUMT UABAPIaHTHOE Ipechpa-

dr, dx, dzx

S + ...+ ———=0,
Vo, & Vo, Vo,
x, dz, Zodxy 4 4 z,dxz,, 0
¥o, Vo, Vo, ’
e e e e e e e e (132)
2"y 2" 2dx ' 2dx,,
e e T —o0,
@l l/ @2 ‘/q)m
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rib crenens @ paBHa 2m, 4 OOHKHOBEHHHXD

1
v(z,) w(xg) T w(x) '
xl + x2 i + xm =0
@) | e T p@,
(133)
xrln -2 xm -2 ”m—2
m _.0
plz) ) w(xy) T T Gy v(z,)

Pascympas, kags Hpu JokKasaresncrBh npeirnaymefl TeopeMul, BLBO-
JUMB TompectBo (128). BB KOTOPOMB, BD HpeLoT0keHid, uro X He uMmbers
KPATHHXD KODHel, JON&HH N0X0KUTh @, = 1. llosaras o,= 6, 1okaxens
cosMberHoe cyiiecrsosadie paBeHCTBD (132) u (133).

Be arons caygal M umbems

(' +da)(o'+0B)=02X=, (134)
KOIJa a,, HEDPABHO HYJID, U
B@ +da)d =02 X=0 (185)
Bb NPOTABHOME caydak.

Raks BHIIE, JOKAXEMD, YTO MOMKHO BCel'la IlpelrnoJararthb

6, =0, o,=1

Vn ’

6 _,=(—1F o, _,=0, (127)

Nn

OTKylIa, I0ab3yAch pasencTsamu (134) u (135), BeiBegeM® Jas EKoddu-
LieHTOBH @ M G  BHPAKEHIA, TOYHO TAKD #Ke COCTABICHHHS HU3H KOpHEN
HOJMHOMA

P=60X=@—a)(xr—a)(z—0b)(z—0b)...(z—a)(z—a). ..(2—a,),

Kakh BHpakenis (131) cocraBleHH H3D KOpHei

X=(z—a)(z—¢)...(2—a,,.

f@)
VX

xamu (80), Ho mpu ycaroBiu, yro moaunoms X sambuens wepess P = @ X,

a noToMy Auddepenmia.rs flz)dz

VX
w(x)

Iudpepennia.ia Vo dx , 1OTYCKAIINAr0 UHBADIAHTHOE IIPe0bpasoBanie W.iu,
QP

Bp nacroamems cuaysal wnTerpa.an dz oupexbaserca gopmy-

MO:keTh OHThL UpejcraBieHd BB BuIh

yro Toie, coBMhcTHOe cyuiecrsoBamie ypasHeriit (132) u (133).
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TaxuMb 06pasoMD BHBOLUME CIBIYONIYIO TeopeMmy:

Teopema XVI.

f(x)dx

Beaxift maTerpans S % UpHBOZAIIificad KB f 9 (&) d§

VAZ+ Bs+C
TIOACTaAHOBKOM §=%, rib ¢ U 6 NOTUHOMH KaKOH YIOJXHO ¢TeleHH, NpU-

HaJlJIeHUTD KB KJIACCY UCEBIO-YJABTPA3NIUITUIECKUX'Ds HHTEI'DAJIOBD, ONpe-

IbageMHxB Ppopmyaamu (80), HO OTHOCANUMUCA HE KB V)—(, a k5 VO, rib

®=@E?X, a @ wbroropas wnbraa GysEmid, u Kudpdepenmiais i"f%ﬂ

Ps

Yepesh yMHOKEHie 4McauTeNd M 3HaMeHarTedd Ha HBkoTOpyD nbiayo ¢ynk-
Iil0 6 Bcerga MomerTs OHTH NpeIcTaBleHd Bb BUIB guddepeniiaia
w(x)dx

Vo

, LONyCKaomaro uHsBapiaHTHOe mpeoGpa3oBaHie.

KB sromy Tuny mHTerpaJoBb UPUHALJIEKATH BCE UHTErpaiH BULa

edz
VX’
rok o mhaas pyneuis (n — 1)°F crenenu, X whias ¢ysemia 2n° cre-

IeHu, MATEI'PUDPYEMHE Bb KOHEUYHOMb BuIb.
Bsp camoms abab, uscabrosania YeOnmesa ') 10Ka3HBAOTL, YTO

/9

ecJu HHTerpa.Jab 5 HaXOJUTCHA BHh KOHEYHOMD BHJI,”S, TO

VX
R .
odx (—s+ (-)VX)
—e=gle(——1 g, 137)
jVX Sl s e (
b
§2—6*X=u,

aaup NOCTOAHHRISA, WJIUM HA OCHOBAHIUM HTOI'O IIOCJI’I;,IIHHI‘O pPaBeHCTBa

odx (—~S+@VX)
82— —2= 22 ) 4,
Ve Blg = ~r

rrb B kaxoe yrogHo 10CTOAHHOE, HANpUMEBDE,

R=u«.

1) II. I. Ye6umens. Q6p murerpmposanin HPPamioHAILAHXT AHPPEPEHNIal0BE.
Counnmenis, 1. I, cr. 145,
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"PapencrBo (136) mepennmeMsb Tak®

S2— RT=6%2X,
rak
R=a, T=—1,
uIu
S2P—RT=0. (138)

Hsp sToro mocabpusaro pasencrsa u u3b (137), upeicTaBieHHATO BB
crbayomems Burh

odx S?p(x)d:c (—s+ VE')» .
= S N =pRlg| ————— C, 139
e A e e (139)
BHBOJUMH TAKUMD #e 00pa3oMb, Kakb BB KOHOB §2 6°7° uzs (120) u (11)

BHIBenM coBMBerHOoe cymecTBosanie ypaBHeHiH (1) u (122), cabryomyn
TeopeMy:

Teopema XVIIL

.o . dx .
Beskiit guddepenuianrs 0‘/—?, BB KOTOPOMB 0 baas ynemisa (n—1)°
£
creneny, X NOIMHOMB 2x°°% cremeHu 0ess KDATHHXD KODHEH, MOKETH
GHTHL NpEICTaBIeHD depessb yMHOMEHie Jueauresd U 3HaMeHareld Ha HE-
p(x)dx
Vo

Aaro MHBapiaHTHOE Hpeo6Gpa3oBaHie M Upd TOMB Tuia (22).

koropylo nbayo ¢yEeniio @, Bb Buxb ruddepenuiara , LONYCKa0-

. odx
Taxumb o6pazoMb, NepBuil cayuail UHTErpUpyeMoCTHU V—)_I Oyrers
TOTB, KOTJ&

w =g, (=1,2,3,...,n—1)
BTOPOH, Korxa KopH4 noiuHoMa (zr— «¢)?X YIOBIETBOPAKTH UOLOGHEMD
COOTHOIIEHIAMB, TpeTift, Korga To&e OTHOCUTCA Kb KODHAMDB ITOJUHOMA,
@—a)2x—0b?*X u T 1.

U3b 3THXB COOTHOMEHI#f MOXeMB, BO IEPBHXB, ompeirbiuTr n— 1
ypaBHeHifl, KOTODHMT JOJMHH YIOBJIETBOPATH KODHM IoauHOMA X, H 3a-
TbMp HeusBBCTHHA a, b, ¢. .., KOpHE mouauHoMa @ . Ilo sTuMs nocabyiaumMs,
HA OCHOBaHiM cKazaHHaro BB KoHOE §° 67°7°, mommo ompexbauts »(z) m,
HAKOHEN'B, Q.



§ 8. Bp mpexmzymemb naparpad)'h MBl HCKIOYUTEIHEO TOBOPH.IU 0

) ‘ f(x )dx
npuBepenin jVAs iy

HOW MOACTAHOBEM.

d§ 1upu 1OMOIIM pPamioHAIb-

f(=)
V,f

pianTHOM® mpeoGpasoBamid (13) cosepmiaeTc# NpM MOMOIIM IOJACTAHOBKH

IIpusegenie Kb (1/) &, VA& + B+ C)dé nupu wumnBa-

M,+ N, VX,
M+ NV P

rab M., N, M;, N, nwbaus ¢yucnin ore z. llogcranoska sra BB 00-
meMb caydat umppauioHarnna.
Ho ToT® #e uHTErpalp NPUBOLUTCH KB UATEI'DAJIY OT'Hb PANiOHAILHOM
JIpobu 1OoJCTaHOBRO
y=—S+VX
R )
rat S, R gbapa ¢yHEmiv orh z (10). Tak®s Kakb p, BHpamaercd pa-
HiOHAJILHO BB g 10 GopMyJaMs (H); Ha ocHoBaHim TLXT e ¢opMyrs
dp, = O(y)dy , rab 6G(y) paniopaipHas (GyREmiA OTh y; HAKOHEN', 10
dopuyians (48) u (51), V K BHpamaerTca Takme DANiOHATBHO Yepess y.
Orcojga HA OCHOBAHIM TOro, 4ro

j*$f={%w,fﬁw, (56)
nOJIy‘IaeMTx L V.
5 f—(ﬁ)\ﬁ - j A(y)dy,

ik A(y) pamionaanHas QYHEIIA O1'b .
Bn uacruoms cayuab, korpja uHBapiaHTHOe NpeobpasoBaHie JHHEH-
HAro xapaxrepa (19), MOEHO 1o.10EHTH (CM. XOKasareabcrBo TeopeMsl III)

S=0,
—RIT=X,

- j f(:/)X‘zx IpHBELETCA Kb A(y)dy IOLCTAHOBKOM

=y, (140)
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niu
VE=(@—a)(a—a) ... @—a)y, (141)

npepcraBidgoneil o6obmienie rTperseil MOJLCTAHOBKH Oiaepa

‘/(x—al) (x—az) =(x_a1)?/'

Paddu sambuaers, uro Bcakoe fkoGieBckoe mpeoGpasoBamie, coBep-
mMeHHOe Halb DATUNTUYECKUMD ILUddepennmiajoMb, IONYCKAOIMUME WHBA-
piaHTHOe npeoGpa3oBaHie, TaeTds APYroi siarunTHIecKifi TuddepeHIia b,
lonyckalmiii uEBapiaETHOE NpeoGpasoBaHie.

IIpousBoxa mpeoGpasoBanie z=2® HaID AUdPeperHNiaIOMD

: f(z)df = (142)
2].11]02 I/Z (Z—ff"> (Z’ —%z‘?)
HOHYQHM$
2
f(” L S (143)
VQ —k2a?) (1 —k2a?)
Ecau

f (g ) =— 1@

S 1—kje \ _
f(kg(»l:k%) ey (144)

S 1=Kz \ _

To [Ha ocHoBaHiM ¢opmMyrs (89), (90)] rudpdepenmiairs (142) xomyckaers
uHBapiaHTHOEe npeobpasosamie (19).

CabrosarensHo, puddepenniars (143) OyneTs AONyCKATH HHBADIaHT-
HOe npeodpazoBaHie, ec.Ju

f(k_f%l?ﬁ) = — flg?),

1—ka? \_ _ .
f(m) £, (145)

f( ,%) —— f(a".



Opu k, =1, ky,=17 noxydums (OPMYJH, YUOMAHYTHA BB Hadalh
CTAThHU.

3ambTuMB, 9T0 nepBoMy caydaw (145) coorBBreTBYeTT MHBApIaHTHOE
npeoGpasoBaHie Tomxe JUHEHHArO XapakTepa, HO BB JBYXH JAPYIUXB CIYy-
9aAxb 9T0 mpeobpaszoBamie Oymers Tuma (13) co BTOPOH CTEneHEN p, -

Takums o6pasomb, guddepenniais (143), Kakb AONYCEAIONINA WHBA-
piaaTHoe mnpeoGpasoBamie, no Teopembt IX uHTerpupyercs BB KOHEYHOME
Buxb. OTOTH pPEsyAbTaTh, NONYYEHHHH OPMUTOMB, NOXPOOHO KOEA3HIBAETCH
Padppu BB BHHmEynoManyrtoii crarnb.

K5 usnoxennomy Paddu cb cBoelt CTOPOHH IPHOGABEMSB, YTO USE €I
uscrbpoBaHiil MOXKHO BHIBECTM ¥ TOJCTAHOBKM, IPH NOMOIMU KOTODHXD UH-

Terpa.sl BPMHTa OPUBOAATCA KB UHTEl'DAJTAMB OTD pal],iOHaJI;HHX'I; APO-
1

Geit. Crours Toapko BB QopMyas (140) unoroxuts R=2, R=z—P—2
Y1

1
k2
Tpemp caygasms (144) coorBETCTBYIOTH TPU NOACTAHOBEU

Ve(o—2s) (-~ )

1/

u R=z—

=y, (146

opu IIOMOmIM KOTOPHX® WHTErpalsb
e f(2)dz

: 1 1
2k, I, |/z (z —_ EZ_) (z—— 7722)

NPHBOLUTCA K% UHATErpaay OTH PaIiOHAIBHOR JpOOH f A(y)dy .

Ks jA(y)dy NpUBefeTC] UHTETPAID

J" @ dz
V(I —k22?) (1 —kia?)

(147)




npu ycaoBigx® (145), npuyeMB 3aBUCHMOCTH MEELY y U x NOJIYYUMB, 3a-

MBHUBD BB VpaBHEHi#xb (146) z Ha 22.

Or6pacHBasd NOCTOHHHHE MHOMKUTETM, He uMbBoOIlie OYEBUIHO, 3HA-
9eHid, MOJAYYUMD TPH OPMUTOBCKiA NOJCTAHOBKY, NPUBONANIIA MHTEIDAIE

(147) ®B uHTErpaay oTs PalioOHAJBHON IpOGH,

V—ka) (0 —kia?)

p =9,
zV1—kz?
sl e iy
V1—iz2a® .
xV1—k2a?
Vicme U

(148)

B® uwacrHoM® caydal jua OfjaepoBHXE HHTErpadoBs (91) u (92),

b Bl=i, ki=—1,
f(zems ) = e
kRk2a? | ’

HOJIy‘IaeM’L NOJACTAHOBRY
V1itat -
x ]/ 2 ’

_YEQ3aHHYIO ele OfJIepoMb.



